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0
Abstract

The Pseudo-differential operators (p.d.0.) A(x,y,D;,) and </(x,y, D, )
involving the coupled fractional Fourier transform .%4, o, are defined. The
symbol class A(R x R x R x R)) is discussed. We conclude the manuscript
by applying some of the results to obtain some inequalities. At the end,
boundedness of the Pseudo-differential operators are also discussed

1 Introduction and motivation

The fractional Fourier transform was developed in 1980 by Namias [1]] as a means
of determining the solutions to certain differential equations that sometimes arise
in quantum physics. McBride and Kerr [2] further refined his findings by creat-
ing an operational calculus for the fractional Fourier transform. Fractional Fourier
transform has drawn increased attention in recent years due to its many applications
in the fields of image processing, signal analysis, and optics. This transformation
is crucial for resolving a number of issues in signal processing, optics, and quan-
tum physics [[1}, 3 14, 5 16} [7, 8 15} 9} [10, [11]. A variety of mathematical analytic
fields have examined the fractional Fourier transform, which is a generalisation
of the ordinary Fourier transform. These areas include wavelets [12, [13]], pseudo-
differential operators [14], and generalised functions [15, |10, [16} [10]. The well-
known Fourier transform of a function ¢ € L;(R), represented by (5 , 1s described

as
1

6(n) = 5= [ @™0()at
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so that its inverse is given by

0(8) = o [ ™Gmyan

provided the integrals exist.

‘We recall the one-dimensional fractional Fourier transform [4. [16} 17, 18] [16, |16}
19,20} 21}, 22, 23] 24}, 23] of a function ¢ € L;(R) with parametre o, denoted by
(Za®)(M) = 0o (1) is given in L (R) as follows:

(Za0)() = ba(m) = [ Ka(£.)O(6)dC 1)
where the kernel Ky (&, 1) is given by
i(¢24n3)cotar .
ae%*’m“w, a#nn,ne€’l
_L_—ign —z
KOC(C:U) - \/ﬁe ’ *= 2

6(C-m), oa=2nm

0(¢+mn), a=(2n+1)m,
Coa=1/ 17;%‘“ and studied some properties of this transform.
The corresponding inversion formula of (#4¢)(n) is defined in the following
ways

0(0)= [ KaC.m)(Fap)(m)dn @

—i(%4n?)cotar

E(Cvn) = Ciaefﬁ-icncsca

and Cq = /1O —C_,.
HCHCC, K(X(Ca 77) = K*G(Ca Tl)
It implies that the inverse of a FrFT with the parameter o is the FrFT with the

parameter —o.

Exploiting the tensor product of n copies of the one-dimensional fractional Fourier
transform each of order a,, p= 1, 2, 3,...,n ['/], the fractional Fourier transform
has been extended to the higher-dimensional transform.

We assume that @ = (0, ), X = (x,1),y= (1, §), Ka(X,¥) = K¢, (x,1).Ke, (¥, §) =
Koy .o (x,y,1, ), where Ky, (x,m) and #g, (y, §) defined as above.

The two-dimensional fractional Fourier transform [25} |26l |27]] is defined as fol-
lows:

(Fa0)0.8) = [Faadl0.0) = [ [ Kalxy)o(ry)drdy
- /R/RKO"(x’n)Ko‘Z(%C)q)(x,y)dxdy
= /R/RKal,az(xayvnvC)q)(X,y)dxdy, 3)

The corresponding inversion formula of ([3|) is defined as follows:

¢(x7y) :/R/RKalﬂz(x’yvnaC)[§017a1¢](n7C)dndg' (4)
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It is easy to observe that for oy = o = %, the two-dimensional fractional Fourier
transform .%, o, becomes a classical two-dimensional Fourier transform.

Definition 1. A tempered distribution ¢ belongs to the Sobolev type spce 7*(R x
R), and s € R if its coupled fractional Fourier transform %o, o,¢ corresponding
to a locally integrable function (F o, ,9)(&,1) over R x R such that

1

loll = ([ [0+ ERI1-+ 0P (Fa )@ Panag ) <en. 9

This space is complete with respect to the norm |9 |s.

Definition 2. The space . (R x R) is the collection of all complex valued infinitely
differentiable functions ¢(&,1) € R x R for every choice of 1y, I, my, my € Ny
which for

my amz

Iy,
Yy dx™ gym

Iy, I
L m (9) = sup
(x,y)eERxR

P (x,y)| <ee. (6)

The dual of . (R x R) is denoted by . (R x R).

If @ is a locally integrable and polynomial growth function on R x R, then ¢ gen-
erates a distribution in ' (R x R) as follows:

(0.0)= [ [ oEmoE.mdzan. voes@xR). ™

The elements of .’ (R x R) are known as tempered distributions.

Theorem 1. Let Ky, o, (x,y,1,8) be the kernel of the two-dimensional fractional
Fourier transform. Then, for all ¢(x,y) € (R x R), we have

(i) D;,yKOCI,(Xz (x,y, n, C) = {l(ﬂ cscay + CCSC aZ)}rKOChOCz (x7yv n, C)a

(ii) fR f]R (P(xay)D;,yKalﬂz (X,y, n, C)dXdy - f]R f]R Kal.az (x,y, n, C)(D;c,y)r(p(xay)dx‘iya
(iii) Fay 0, {(D%y) @ (x,3) } (0, &) ={i(n escar + T esc )} (F oy 0, 0 (%, 7)) (1, §),
forallr €N, where Dy, = [% + 9% +i(xcotoy +ycotap)] and D, = —[% + a% —
i(xcotay +ycotap)].

Proof. See [23]. ]

2 Symbol Classes

Leta(x,y,&, {) be a complex valued function defined for x,y, & #0,{ #0 € R. The
function a(x,y,&,§) € C*(R x Rx R—{0} x R—{0}) is said to be an element
of the class A if and only if a(x,y,11§,68) = a(x,y,&,§) fort; >0, r, > 0, and
assume also that

lim =a(oo,00, &,
(I, [y1) = (e0,00) ( 5%
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exists for & £ 0, #0 € R and a(eo, 0, &, £) is a mapping C-function.

Now we define d'(x,y,&,8) = a(x,y,&,8) — a(ee,0,&, ), and assume the esti-
mates

I N DR
axk 8yl aém acna X,0,6, > Cpklmns, VX Y, >

®)

(142> +y2)P
here p=1,2,3,......k, I, m, n are natural numbers.

Theorem 2. (i) We get |a(e0,00,&,{) — a(e0,00,8,1)| < C((|§ — 8] +¢ —
n)/ (1€l +[E1+18]+nl)), V&, &, &, narbitray in R —{0}.

(ii) The estimates (1 +x>csc® oy +y*esc? )P | F oy a, (@) (x,5,€,8)| < M,
Vx,y, E#£0, {#£0€R, p=1,2,3,4,5...;

(iii) (1 +x%csc? oy +y2esc?00)P | Fay o (@) (6,3, €, §) — Ty 0 (@) (x,7,8,1) | <M, (| —

S|+1C—nDU&I+IEI+18+In))~", V&, C, 8, neR—-{0}, VxyeR, p=
1,2,...t0 « being

yfxl,(xz(al)(xvxgaC):‘/R/RK(Xh(Xz(t?uaxay)a,(tvua57C)dtdu7 Vx,y,f#O,C#OER

are verified.

Proof. (i) Similar proof of Theorem 1 (a)[28]].
(i1) We get the equality

(1+x2esc?on +y?esc? o)l Foy oy (') (1,3, €, C)

_ / / Koy o (t,10,%,9) (I = D)0l (t,u, €, & e, ©)
RJR ’
o 9
3§ #0,0#0€R, D, =— [8x + F i(xcotay +ycota2)]

and therefore is verified the estimate

]<1+x2csc2al e ) Fay <a’><x,y7§,c>'

IN

Calcocz/R/R(l +12escPay +uzcsczaz)q\(l—D;7y)pa'(t,u,§,C)\

x (1 +2esctay + uzcsczaz)fthdu
1
< CyCo,C //
= Tarerl o Je (T+12csc2oy + ulesc2an)

for q sufficient large.

~dtdu =M, (10)
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(iii) We get
(1 +x2cscza1 +y2CSC2a2)p‘yOC1,Otz(a,)(xaya57 g) - yal,(xz (a/)(x7y> 5777)|
= /R/RKahaz(t,u,x?y)(l—f—tzcsczal +u2csc2a2)q(I—D;7y)p

X [a’(l, u,€,8)—d(t,u,d, n)} (1+12csc? oy + uPesc? o) ~dtdu.
Let us put now
bpg(t:u.8.0) = (1+esc®an +ulesc®0n)!(1 =D, \d (1,u.8,8). (1)
We obtain then the estimate

(1 +x2CSC2a1 +yzcsc2a2)p LO}\OC],O!z(al>(x7y7év C) - ﬁal,az (a/)(x,y, 57”)

< 1CuCisl [ [ |bnalt8.8) = pofe.8m)

x (1 +12csc® oy +ulesc? o) ~dtdu. (12)

Consequently, it will be sufficient to show here that with a constant independent of
x,y € R we have, forx,y € R, &, {, §, n € R—{0}, the estimate

bp,q(tauaéaC)_bp7q(t7”757n)’ < Doy, (1€ = 8]+ =0 (& +[C]+8]+[n]) .

(13)
It can be easily proved from (ii), (I2)and (T3). O

The term "pseudo-differential operators”[29, 130,31, 132] has a fairly broad defi-
nition and covers such topics as harmonic analysis, partial differential equation, ge-
ometry, mathematical physics, microlocal analysis, time-frequency analysis, imag-
ing, computations, and quantum mechanics. In mathematics, natural sciences,
medicine, scientific computing, and engineering, current trends and novel applica-
tions are highlighted. The emphasis is on contemporary developments in different
branches of engineering, mathematical sciences, the natural sciences, medicine,
scientific computers.

In reality, Kohn-Nirenberg and Hormander [33]] were the ones who first intro-
duced the pseudo-differential calculus, and later authors expanded on it, primarily
in a local context, to examine local regularity and local solvability of PDEs.

Pseudo-differential operators on R are standard or conventional generaliza-
tions of partial differential operators or ordinary differential operators and singular
integrals.

Many faculties, scientists, Ph.D students and researchers of other field devel-
oped the theory of pseudo-differential operators with the help of different types of
integral operators like Fourier transforms ( see [34} 28]]), Hankel transform ( see
[350136,137]] ), Fourier Bessel Transform on R (see [19, [20]]), Weinstein transform
('see [38]] ), Laguerre hypergroups (see [39]) and Jacobi differential operators (see
[40D.
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3 Pseudo-Differential Operator A(x,y, D, ) related to F o, o,

Let a(x,y,&,8) =d' (x,,&,8) +a(e0,,&, ) be a symbol, and, as previously,

ﬁal,az(a’)(x,y,é,é):/R/RKal,az(t,u,x,y)a'(t,u,é,C)dtdu, Vx,y,’g’;éO,C;éOGR.

Let us define, for any ¢ € S(R x R) and x,y € R, a function g (x,y) = (A(x,, D, ,)9)(x,y),
by

(A(xvyan,}r)¢)(x7y):/R/RKOCLOQ(tvuvxvy)GOll,Olz(tv”)dtdu’ (14)

where the function Gy, o, (,u) is given by

Galvaz(t7 u) :a(oo7°°7tvu)¢al,a2(tvu) +/R/Ra/061,az(t_§vu_ n7f7u)¢a1,az(‘5,n)d§dn-

(15)
Evidently, it has to be proved that G, o, (t,u) is the Coupled fractional Fourier
transformable, in fact, we have G, o, (f,u) € Li (R X R) as

‘a(‘x’7°°7t>u)¢0617052 (tvu)‘ < |t|:nlla\1bﬁ:1 |a(°°a°°atau)”¢06ufxz (t’u)| €L (R X R)7

then obviously, it is sufficient to show that

////|C/l\/0617062(t_§7u_nat,u)aahaz(é,n)‘d&dndtdu<oo;
RJRJRJR

we have in fact, Vp = 1,2,3, ...

/R/R‘(;/ahaz(t - 6,1/!— nvtvu)&)\(xhaz(gvn)’dgdn

< My [ [ (11— 6 PescPan + fu—n[Pese® 02) [ o (€. M),

This last expression is the convolution between (1 + |t|?csc? oy + |ul? csc? o) =7
and |, «, (t,u)| both integrable for p sufficiently large.
Hence

/R/R/R/Rwawz(f—5>u—n,t7u)$a.,az(é,n)\dgdndzdu < oo,

Thus A(x,y,D} )¢ is continuous and bounded on .#’(R x R). Hence we can say
that

[y(xl,az(A(xvyaD;,y))(P](t7u) = a(°°,°°,tvu>aa1,a2(t’”)
+/é/IRaa],a2(t_§au_n:tvu)(})\a],az(gan)dédn

is verified the Coupled fractional Fourier transform in /(R x R).
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Theorem 3. If a(x,y,&, ) is a symbol, we have
A D)dly) = [ [ Kew(nED)
[ Ko h.8. D)8, 1t bgag

forevery ¢ € S (RxR), x, yeR.

Proof. 1t will be sufficient to prove that

(i) The integral [p [p Ko, o, (t,u,8,8)a(x,y,E,8)@(t,u)dtdu is absolutely cover-
gent.

(ii) We have Gal,az (éﬂ C) = f]R f]R Kal,az (t7 u, g ) C)a(xv_yﬂzgv C)(b(zt? u)dtdu'
We have (i), in fact, as a(x,y, &, {) = a(o0,00, &, {) 4 €2 ¥ Ottty cotm) g/ (x y £ &),
It is sufficient to prove the absolute convergence of

/R /R Kay.ao (1,14, §)a(o0,00, &, §)9 (¢, ) dilu

= a(oovoovgvC)/R/RKO!hOCz(tvuvg?C)¢(t7”)dtd”
= a(00,0,&,8)0.0,(§,4) for ¢ € 7(RxR)

and

/ / Koy (1,10, &, § )o@ eoton) o/ £ £V (1, u)dtdu for ¢ € .7 (RxR).
RJR

As

‘e%(tzCotalﬂzcot‘h)a’(;, u,E,8)| < M, (14 |¢]* + |u|*) " for every p, we have

‘/ [ K ant.10.8. §)ed A0 (1 £, £)0 1)

RJR

< [ 1Ko an(t0.8 )l e G e € /0,0) e
RJR '

Mo L[ 0L
27 /sinaysinog Jr Jr (1412 + [ul?)P

Itimplies that [ [g Koo (2,4, 8)a(t,u, &, §) (¢, u)dtdu is absolutely covergent.
In order to prove (ii), it is sufficient that

CaCar / / ei(m]—A%)cazal+i(u/12—z;)cozazg,mm(t_ At — Ao, o)
RJR
X(})\ahaz(ll,lz)dlldlz
- //Kal-az(fau,faC)eé(fz"m“‘+€2°°t“2)a'(faC’tauw(faC)deC-
RJR
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Now, we have

L [ Kot 7.0t et Eeoeulal 2.1,y (v, e

— //Kal7a2(t7u7T C |://Ka1 o xl;yl,T C) "L' COtal+C2C0ta2)
JRJR

xc?m,a2<x1,y1,z,u)dxldyl] 6(t,0)drdC

P24 _ ) e
= ////C(X]Cazcalcazez(t +1%)coray ltrcsc(xlez(u +&*)cotop—iugcescon

X7+1%)cotay +ixy tescoy ,— 4 (y1+E?)cotap+iyi Lescon
xXe 2(1 ) ! ! le Z(yl C) 2+ing za[xl,az(xlvylatvu)(P(TaC)

xdxydyidtd{

g / / / / COC] CO‘ZCOH Cazez[(t Xl) +T2} cotoy — t‘L'(t xl)CSCOCI

Xez[u y1)2+&? cot o —i& (u— yl)ucazelxl(t x1)cotay +iyy (u—yy)coras

xXa OCl’o‘z(xl,yl,t,u) o(t,8)dx1dydtd(.
By making in the internal integral the substitutiont —x; = A; and u —y; = A

_ /R /R /R /R Co Coy Cor e s 1+l cotan —ithicscan 443+ coton i hpcscar
x et sitodyeotangl ot Qy u— o, 1,u)9(t,{)dx dyrdTdd.
_ m/ﬁ/Rei(t/llfklz)cotalﬂ(ulzf%)cot(xza\/ahaz(t_Alju_l%t’u)

X Oy 0y (A1, A2)dArd 2.

This completes the proof. 0

Theorem 4. We have the inequality

||A(X,y,D;7y)¢Hs < COt17062||¢’Hs’ (16)
Vs e R, ¢ € (R xR), for a certain constant Cy, , .

Proof. We have in fact the immediate decomposition
A(x,3,Dy ) = A(e0,00, Dl ) +A(x,3, Dy ).
We must remark that for ¢ € .(R x R). We have by definition
Aga (20,00, Dl, )9 (8, 1) = a(o0,0,1,u) oy 0 (1)
We have

[Py (A (x,3,D,,))0] (t,1) = CarCay / / ot =AR)cotan +ilura—A3)coran
’ RJR
X gy 0y (= Myt — Ao, 1, 1) By 0y (A1, A2 )dArd s
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Then we see that first of all

[0 )0l; = [ [P ) (om0 1,0 Pt

2
< ( sup |a<oo,oo,r,u>|) 102

lt]=ul=1

Therefore
|A(e0,00,D) 0[] < Cil|9 ;-

Less trivial is estimate for A’(x,y, D, ,)¢. Its coupled fractional Fourier transform
in .7'(R x R) equals

COtl Caz/R/Rei(tll7112)00“)61+i(u127122)cota2;l\/al7a2 (f—lhu—bphu)aal,az (Alalz)dlldAZ

and then ( using the definition of H*(R x R) ). We will have to estimate the norm
L, (R x R) of the expression

(1+|t|2)%(1+|u|2)%m//ei(lll—klz)cotal+i(u7Lz—l22)c0toc2
RJR
Xalfxl,az(t _)'lvu_)“thau)alxl,az(klalﬁdlldﬂa

which is equal to %(t,u).
Now, we have

%(t>u) = |C061C062|

//(1+‘t|2)%(1+|u|2)%ei(tll—klz)cotal-&-i(ulz—lzz)cotaz
RJR
X .0 (1 = Myt — Ao 1, 1) By, (A1, A2 )dArd s

= [CanCal [ [A+IPIA+ LT 1+ P+ 7
x| gy, (1 — Ayu— Ao, t,u) |(14 | A1]2) 2 (14 [A2]) 2
X Py 0 (M1, A2)[dArd 2z (17)
\7calcaz|@,z\sl/R/R(1+yt—xl\2)@(1+|u—zz|2)%
(14t — A Pesc?an) 2 (14 |u—AoPesc?on) 2 (1+ A7)
X (14 1%2]) 2 [@a 0 (M, A2) |d M d A (18)
— CuCol 212V /R /R Gan.a (t — A1yt — 20 oy o (A1, A2)dMrd Ay (say)
= CaIC(XZ“@lzlS‘(gal-,az*fahaz)(t’u)'

If  is large, ga, o, € L1(R X R). Also since ¢, q, € .7 (R X R), fa,.0,(A1,42) €
Lz(R X R).
Then go,.a, (t — A1,u — A2) fo, .0, (A1, A2) belongs to L, (R x R) and the inequality

IN

Hgahaz *fO!]./O(zHLz(]RXR) S ||ga1,a2”Ll(RXR)HfOCl,OQHLz(RXR)'
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It implies that
| %] Ly rxr) < |Ca(0r, 2)][[@]ls-

Now

||A(°°’°°7D;c,y)¢+A,(xay’D;c,y)¢||S S ||A(°°7°°7D;,y)¢‘|3+||A/(xvyaD;c,y)¢||S
IAGey, Dy )8lls < Cilllls +[Ca(0n, @) [[9]ls = Conan |9 ls-

This completes the proof. 0

4 The pseudo-differential operator <7 (x,y, D, ,)

We consider a symbol a(x,y, £, {). We introduce an operator <7 (x,y, D, ,,) of (IR x
R) in /(R x R) by means of the formula

[ (D4 )0103) = [ [ K 1,03, Ao 0, 0)d
where, for ¢ € .77, the function 7, o, (t,u) is defined by the relation

gy o (ti1) = a(o0,00,1,u) Py .00 (1)
+ m//ei(’ll—112)001061+i(u/12—/122)cota2
T RJR
Xa/““a?(t_z’l’u_2'27@”)‘7’061,0(2(7[’1,lz)dlldlz

Vo€ S andr#0, u#0ecR.

With the same proof used for A(x,y,D; ) we have; the function o7 (x,y, D, ;) is
continuous and bounded for x,y € R. Besides, we see that if the symbol a(x,y,7,u)
does not depend on x,y, we have A(D;.,) = </ (D, ).

Theorem 5. We have
(3. 0,)0009) = [ [ Kapouloot) (19)
xa(x,y,t,u)0q, o, (t,u)dtdu, V¢ € (R x R)20)
Proof. Asa(x,y,t,u)=a(eo, w,t,u)—i—m(x cot o +y* cot o) d (x,y,t,u) and (})\ahaz(t,u) €

7 (R x R), the integral is absolutely convergent.
We have, then:

/ / Kay. (631 €.€) | Car Can ﬁ" G (& — 1, — 1y 1,10) Pug o (1, 10) 1V 0M0 i Cui)coter gy | g2 4 (21
RJR RJR

is absolutely convergent because
K?[hé“fﬂ%xvy,t,u)e?(" T CONR) o/ (x, 3.1, 1) oy (1, )

////CalcazKa17Otz(x7y7§)C)a\ahaz(g_t7C_uvtuu)&)\ahaz(ta”)ei(gtitz)cmal+i(§u7u2)wta2dtdud§dc
RJRJRJR
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o~

| |
/ / Koc.,ocz (x7y7t7u)ej(XZCOtal+y2C0ta2)al(x,y,tﬁx“w(t,M)dtdl/l
RJR

| - R . ‘
= / A\%/ / Co,Co Ky 0 (.3, 8, 8) a0y oy (E — 1,8 —u,t,u) Py 01, (t,M)el(ét_tz)c‘”al+l(§”_”2)wm2dtdud.§d
R RJR

L L L e ot (3.8 D) (8 = 1. = .10 |9 (1.0 ol

Dy ~ s oL s gl
t 1 —t o) 2(1 - ) 2dcdC |dtd
47T2|sin061]|sina2|/R/R‘%“’O‘Z( 7u)|</]R/R( +|& —t|"escmon) (1 +[§ —ul"csc ) "2d8dE u

< oo for/ large enough.

IN

Furthermore, we see that (21]) equals

(2, 2\ Eocoo i (V22 Fcrigs | =——=— ~
‘/R/Rcalcaze—j(x +& )L()l‘OCl-‘rlX(:LbLOCle F(y*+8%)cotap+yLescon |:C051C052/R/Ra051,a2(€ —t,C—u,t,u)

X

Ponr (1, 1) &1~ ot ei(Cuuz)C"’“zdtdu} dEd¢
= /R/R/R/Rme_%(x2+(§—t)2)cota1+ix(é—t)csca1e_%'(y2+(§_u)z)wtaﬁy(c_u)csmz
Cy Cop -~ 2 2
X CaICazaahaz(é _t7C_u’t7u)¢al7a2(t7u)817COtal+lTC0ta2dtdud§dC
2 2 - R
= /R/Re’7COtO‘1+’760’0‘2Ka1,az(xvy’t7”)a/(x7y>tau)¢oc1,a2(t,M)dtdu.

This will prove Theorem [3 O

Theorem 6. Let a(x,y,&, ) be a symbol, and a(x,y,&, ) its complex conjugate,
the operator A(x,y, D, ,) associated to a(x,y,§, (), operator </ (x,y,D} ) associ-

ated to a(x,y,&,§). Then, we have the equality

<A(x7y7D,/r,y)lI/7 (p>L2(]R><]R) = <W7%(x7yaD//r,y)(p>L2(R><R) Vy, ¢ € y(R X R)

Proof. Tt will be sufficient to show that for y, ¢ € .(R x R). We have first of all

(e D)) = [ [ Kaan00.E.0) aer B D (&, £)dEAL, Vi # (R xR) ( Theorens).

Hence, we get, when

.0 = [ [ w(E)o(Q)ade.

the equality

(W, (2,3, D,,)0) p(muk) = /R/Rllf(x,y)(/R/RKal,aQ(x,y,é,C)a(x,y,zg,g)@ahaz(g?g)dgdC)dxdy
= [ 5K 3.6 €56 €0 (B O zan2
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Now by Parsevel’s formula, we have obtain, using also Theorem 3|

AxY, D)V, 0) xRy = (Faa Ay, D) V], Poyar) 12(RxR)

= [ [ Pl D WIE £ E DAL

- /R /R /R /R Koo (6,3, &, 0)a(x,7, €, §) W(x,Y) Py 0 (€, C )dxdyd 5@B)

From (22) and (23)), we obtain the equality
<A(x7y7D,/r,y)W7 (p>L2(R><R) = <W7%(x7yaD//r,y)(p>L2(R><R) Vy, ¢ € y(R X R)
This will prove Theorem [6] O

Theorem 7. We have the relation
IAGy,DLy) = o (x,9,D,,)]9ls < Co 0, 19ls: Vs €R, Vo € S (RxR).
Proof. Itis known that A(x,y, D} )¢ € .7 (R x R) and that we have
[P (A 0))0) (1) = (o0, 1)+ Ca o [ [ lhAbora iz
Xl gy o (1 = Aaytt = Ao, ,10) Doy (A1, Ao )d My d D

( Coupled fractional Fourier transform in.#’(R x R)). The same is valid for </ (x,y, D, ,)
and

(oo (7 (x,3,D0,))0] (1) = a(o0,00,1,0) Py (1, ) + Con Coy / / (1R —A2)coran +iluha—13)corar
’ ’ R JR
xgl\lal,az (l — ll,u — Az,l],)bz)(})\ahaz (ll,lz)dlldﬂ/z.

Hence, we obtain, with Coupled fractional Fourier transform in .’ (R x R)

[ﬁal,az (A(Xa% D;c,y) - JZ{(X,y, D;c,y))¢] (t7u)
= Cf(x; Cf()ﬂz/ / ei(tkl_AIZ)CUIOCI+i(u)bz_222)cma2 L/Z\IOCI,OCZ (t - A],M - )'Zat7u) - El\l(ll,az (t - A«],M - 2'27)’17)’2)
RJR

X Oy (M, A2)dArd s
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Therefore, we will have to estimate the norm L, (R x R) of the expression
%(t,u) _ (1 + MZ)%(I + ‘ulz)%cia] Ciaz/ / ei(ta,l7},12)6‘0[0!14%'(1/{2,2*)?2)601(12
RJR
>{&w%a—mm—xzmo—&mmo—ahw—bjbbﬂ@%%uhmdeb

= // 1+|t| % 1+|I/t| ) e i(tA— kz)wtal—H udy— lzzwtocz
(14|21 2)2 (1+[A2]?)2

x%mm< Aoy tou) — wmma—hm—bjmbﬂ

<(1+ M) 2 (14 1A27) 2 0oy 0 (A1, A2)d M1 d
Js] Is[ |, ~
)| < [CoCal [ [ <1+|t—w>z<1+\u—az\2>z[ra'al,aza—w—zz,r,u)\

+’6/l\/a17a2 (l — ll,u— lz,ll,lz)‘:| (1 -+ ‘11‘2)%(1 + |Az‘2)% ’(})\alﬂz(ll,lz)‘dlldlz

IN

Cay Ca 2" ID,//z L= D) S (1 =) (L = aPoscon)
) (14 i — Ao escan) ™5 (14 A D) (1 + [Aal?)3 Gy (A1, A2 )dArd Az

_ /R /R g (= Mttt — 20 f o (A1, A )dd s (say)

= (hoy,a * foy00) (1)

If /s large, hey .o, € L1 (R X R). Also, since &’\al,az (A, A2) € Z(RXR), fo,0(M,42) €
LZ(R X R).
Then (ha, o, * fo,,a) (¢, 1) belongs to L, (R x R) and the inequality

”hal,az *fm,azH < ”hahaZHLl(RXR)”fal-,OCZHLz(RXR)'

It implies that
1% || Ly x®) < Cary.0, 191l

Hence
1[A(x,y,Dy,) — o (x,5, D )| 8lls < Coyy g, 1915, Vs ER, Vo €. (RxR).

This will prove Theorem O
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