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Abstract
The Pseudo-differential operators (p.d.o.) A(x,y,Dx

′
,y) and A (x,y,Dx

′
,y)

involving the coupled fractional Fourier transform Fα1,α2 are defined. The
symbol class Λ(R×R×R×R)) is discussed. We conclude the manuscript
by applying some of the results to obtain some inequalities. At the end,
boundedness of the Pseudo-differential operators are also discussed

1 Introduction and motivation

The fractional Fourier transform was developed in 1980 by Namias [1] as a means
of determining the solutions to certain differential equations that sometimes arise
in quantum physics. McBride and Kerr [2] further refined his findings by creat-
ing an operational calculus for the fractional Fourier transform. Fractional Fourier
transform has drawn increased attention in recent years due to its many applications
in the fields of image processing, signal analysis, and optics. This transformation
is crucial for resolving a number of issues in signal processing, optics, and quan-
tum physics [1, 3, 4, 5, 6, 7, 8, 5, 9, 10, 11]. A variety of mathematical analytic
fields have examined the fractional Fourier transform, which is a generalisation
of the ordinary Fourier transform. These areas include wavelets [12, 13], pseudo-
differential operators [14], and generalised functions [15, 10, 16, 10]. The well-
known Fourier transform of a function φ ∈ L1(R), represented by φ̂ , is described
as

φ̂(η) =
1

2π

∫
R

eiηζ
φ(ζ )dζ
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so that its inverse is given by

φ(ζ ) =
1

2π

∫
R

e−iηζ
φ̂(η)dη

provided the integrals exist.
We recall the one-dimensional fractional Fourier transform [4, 16, 17, 18, 16, 16,
19, 20, 21, 22, 23, 24, 23] of a function φ ∈ L1(R) with parametre α, denoted by
(Fαφ)(η) = φ̂α(η) is given in L1(R) as follows:

(Fαφ)(η) = φ̂α(η) =
∫
R

Kα(ζ ,η)φ(ζ )dζ (1)

where the kernel Kα(ζ ,η) is given by

Kα(ζ ,η) =


Cαe

i(ζ 2+η2)cotα

2 −iζ η cscα , α 6= nπ,n ∈ Z
1√
2π

e−iζ η , α = π

2
δ (ζ −η), α = 2nπ

δ (ζ +η), α = (2n+1)π,

Cα =
√

1−icotα

2π
and studied some properties of this transform.

The corresponding inversion formula of (Fαφ)(η) is defined in the following
ways

φ(ζ ) =
∫
R

Kα(ζ ,η)(Fαϕ)(η)dη (2)

Kα(ζ ,η) =Cαe
−i(ζ 2+η2)cotα

2 +iζ η cscα

and Cα =
√

1+icotα

2π
=C−α .

Hence, Kα(ζ ,η) = K−α(ζ ,η).
It implies that the inverse of a FrFT with the parameter α is the FrFT with the
parameter −α .
Exploiting the tensor product of n copies of the one-dimensional fractional Fourier
transform each of order αp, p = 1, 2, 3, ...,n [17], the fractional Fourier transform
has been extended to the higher-dimensional transform.
We assume that α =(α1,α2), x=(x,η), y=(y,ζ ), Kα(x,y)=Kα1(x,η).Kα2(y,ζ )=
Kα1,α2(x,y,η ,ζ ), where Kα1(x,η) and Kα2(y,ζ ) defined as above.
The two-dimensional fractional Fourier transform [25, 26, 27] is defined as fol-
lows:

[Fαφ ](η ,ζ ) = [Fα1,α1φ ](η ,ζ ) =
∫
R

∫
R

Kα(x,y)φ(x,y)dxdy

=
∫
R

∫
R

Kα1(x,η)Kα2(y,ζ )φ(x,y)dxdy

=
∫
R

∫
R

Kα1,α2(x,y,η ,ζ )φ(x,y)dxdy. (3)

The corresponding inversion formula of (3) is defined as follows:

φ(x,y) =
∫
R

∫
R

Kα1,α2(x,y,η ,ζ )[Fα1,α1φ ](η ,ζ )dηdζ . (4)
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It is easy to observe that for α1 = α2 =
π

2 , the two-dimensional fractional Fourier
transform Fα1,α2 becomes a classical two-dimensional Fourier transform.

Definition 1. A tempered distribution φ belongs to the Sobolev type spce H s(R×
R), and s ∈ R if its coupled fractional Fourier transform Fα1,α2φ corresponding
to a locally integrable function (Fα1,α2φ)(ξ ,η) over R×R such that

‖φ‖s =

(∫
R

∫
R

∣∣{(1+ |ξ |2)(1+ |η |2)} s
2 (Fα1,α2φ)(ξ ,η)

∣∣2dηdξ

) 1
2

< ∞. (5)

This space is complete with respect to the norm ‖φ‖s.

Definition 2. The space S (R×R) is the collection of all complex valued infinitely
differentiable functions φ(ξ ,η) ∈ R×R for every choice of l1, l2, m1, m2 ∈ N0
which for

Γ
l1, l2
m1, m2

(φ) = sup
(x,y)∈R×R

∣∣∣∣xl1yl2 ∂ m1

∂xm1

∂ m2

∂ym2
φ(x,y)

∣∣∣∣< ∞. (6)

The dual of S (R×R) is denoted by S ′(R×R).
If ϕ is a locally integrable and polynomial growth function on R×R, then ϕ gen-
erates a distribution in S ′(R×R) as follows:

〈ϕ, φ〉=
∫
R

∫
R

ϕ(ξ ,η)φ(ξ ,η)dξ dη , ∀φ ∈S (R×R). (7)

The elements of S ′(R×R) are known as tempered distributions.

Theorem 1. Let Kα1,α2(x,y,η ,ζ ) be the kernel of the two-dimensional fractional
Fourier transform. Then, for all ϕ(x,y) ∈S (R×R), we have
(i) Dr

x,yKα1,α2(x,y,η ,ζ ) = {i(η cscα1 +ζ cscα2)}rKα1,α2(x,y,η ,ζ ),
(ii)
∫
R
∫
R ϕ(x,y)Dr

x,yKα1,α2(x,y,η ,ζ )dxdy=
∫
R
∫
R Kα1,α2(x,y,η ,ζ )(D′x,y)

rϕ(x,y)dxdy,
(iii) Fα1,α2{(D′x,y)rϕ(x,y)}(η ,ζ )= {i(η cscα1+ζ cscα2)}r(Fα1,α2ϕ(x,y))(η ,ζ ),

for all r ∈N, where Dx,y = [ ∂

∂x +
∂

∂y + i(xcotα1+ycotα2)] and D′x,y =−[ ∂

∂x +
∂

∂y−
i(xcotα1 + ycotα2)].

Proof. See [25].

2 Symbol Classes

Let a(x,y,ξ ,ζ ) be a complex valued function defined for x,y,ξ 6= 0,ζ 6= 0∈R. The
function a(x,y,ξ ,ζ ) ∈ C∞(R×R×R−{0}×R−{0}) is said to be an element
of the class Λ if and only if a(x,y, t1ξ , t2ζ ) = a(x,y,ξ ,ζ ) for t1 > 0, t2 > 0, and
assume also that

lim
(|x|,|y|)→(∞,∞)

= a(∞,∞,ξ ,ζ )
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exists for ξ 6= 0,ζ 6= 0 ∈ R and a(∞,∞,ξ ,ζ ) is a mapping C∞-function.

Now we define a′(x,y,ξ ,ζ ) = a(x,y,ξ ,ζ )− a(∞,∞,ξ ,ζ ), and assume the esti-
mates

(1+x2+y2)p
∣∣∣∣ ∂ k

∂xk
∂ l

∂yl
∂ m

∂ξ m
∂ n

∂ζ n a′(x,y,ξ ,ζ )
∣∣∣∣≤Cp,k,l,m,n, ∀x, y, ξ 6= 0, ζ 6= 0∈R

(8)
here p=1,2,3,.....,k, l, m, n are natural numbers.

Theorem 2. (i) We get |a(∞,∞,ξ ,ζ )− a(∞,∞,δ ,η)| ≤ C
(
(|ξ − δ |+ |ζ −

η |)/
(
|ξ |+ |ζ |+ |δ |+ |η |

))
, ∀ξ , ζ , δ , η arbitray in R−{0}.

(ii) The estimates (1+ x2csc2α1 + y2csc2α2)
p|Fα1,α2(a

′)(x,y,ξ ,ζ )| ≤Mp,
∀x, y, ξ 6= 0, ζ 6= 0 ∈ R, p = 1, 2, 3, 4, 5...;

(iii) (1+x2csc2α1+y2csc2α2)
p|Fα1,α2(a

′)(x,y,ξ ,ζ )−Fα1,α2(a
′)(x,y,δ ,η)| ≤Mp(|ξ−

δ |+ |ζ −η |)(|ξ |+ |ζ |+ |δ |+ |η |)−1, ∀ξ , ζ , δ , η ∈ R−{0}, ∀x,y ∈ R, p =
1,2, ...to ∞ being

Fα1,α2(a
′)(x,y,ξ ,ζ )=

∫
R

∫
R

Kα1,α2(t,u,x,y)a
′(t,u,ξ ,ζ )dtdu, ∀x,y,ξ 6= 0,ζ 6= 0∈R

are verified.

Proof. (i) Similar proof of Theorem 1 (a)[28].
(ii) We get the equality

(1+ x2csc2
α1 + y2csc2

α2)
pFα1,α2(a

′)(x,y,ξ ,ζ )

=
∫
R

∫
R

Kα1,α2(t,u,x,y)(I−D′x,y)
pa′(t,u,ξ ,ζ )dtdu, (9)

x,y,ξ 6= 0,ζ 6= 0 ∈ R, D′x,y =−
[

∂

∂x
+

∂

∂y
− i(xcotα1 + ycotα2)

]
and therefore is verified the estimate∣∣∣∣(1+ x2csc2

α1 + y2csc2
α2)

pFα1,α2(a
′)(x,y,ξ ,ζ )

∣∣∣∣
≤ Cα1Cα2

∫
R

∫
R
(1+ t2csc2

α1 +u2csc2
α2)

q|(I−D′x,y)
pa′(t,u,ξ ,ζ )|

×(1+ t2csc2
α1 +u2csc2

α2)
−qdtdu

≤ Cα1Cα2C1

∫
R

∫
R

1
(1+ t2csc2α1 +u2csc2α2)q dtdu =Mp (10)

for q sufficient large.
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(iii) We get

(1+ x2csc2
α1 + y2csc2

α2)
p|Fα1,α2(a

′)(x,y,ξ ,ζ )−Fα1,α2(a
′)(x,y,δ ,η)|

=
∫
R

∫
R

Kα1,α2(t,u,x,y)(1+ t2csc2
α1 +u2csc2

α2)
q(I−D′x,y)

p

×
[

a′(t,u,ξ ,ζ )−a′(t,u,δ ,η)

]
(1+ t2csc2

α1 +u2csc2
α2)
−qdtdu.

Let us put now

bp,q(t,u,ξ ,ζ ) = (1+ t2csc2
α1 +u2csc2

α2)
q(I−D′x,y)

pa′(t,u,ξ ,ζ ). (11)

We obtain then the estimate

(1+ x2csc2
α1 + y2csc2

α2)
p
∣∣∣∣Fα1,α2(a

′)(x,y,ξ ,ζ )−Fα1,α2(a
′)(x,y,δ ,η)

∣∣∣∣
≤ |Cα1Cα2 |

∫
R

∫
R

∣∣∣∣bp,q(t,u,ξ ,ζ )−bp,q(t,u,δ ,η)

∣∣∣∣
×(1+ t2csc2

α1 +u2csc2
α2)
−qdtdu. (12)

Consequently, it will be sufficient to show here that with a constant independent of
x,y ∈ R we have, for x,y ∈ R, ξ , ζ , δ , η ∈ R−{0}, the estimate∣∣∣∣bp,q(t,u,ξ ,ζ )−bp,q(t,u,δ ,η)

∣∣∣∣≤Dα1,α2(|ξ−δ |+|ζ−η |)(|ξ |+|ζ |+|δ |+|η |)−1.

(13)
It can be easily proved from (ii), (12)and (13).

The term "pseudo-differential operators"[29, 30, 31, 32] has a fairly broad defi-
nition and covers such topics as harmonic analysis, partial differential equation, ge-
ometry, mathematical physics, microlocal analysis, time-frequency analysis, imag-
ing, computations, and quantum mechanics. In mathematics, natural sciences,
medicine, scientific computing, and engineering, current trends and novel applica-
tions are highlighted. The emphasis is on contemporary developments in different
branches of engineering, mathematical sciences, the natural sciences, medicine,
scientific computers.

In reality, Kohn-Nirenberg and Hörmander [33] were the ones who first intro-
duced the pseudo-differential calculus, and later authors expanded on it, primarily
in a local context, to examine local regularity and local solvability of PDEs.

Pseudo-differential operators on R+ are standard or conventional generaliza-
tions of partial differential operators or ordinary differential operators and singular
integrals.

Many faculties, scientists, Ph.D students and researchers of other field devel-
oped the theory of pseudo-differential operators with the help of different types of
integral operators like Fourier transforms ( see [34, 28]), Hankel transform ( see
[35, 36, 37] ), Fourier Bessel Transform on R+ (see [19, 20]), Weinstein transform
( see [38] ), Laguerre hypergroups (see [39]) and Jacobi differential operators (see
[40]).
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3 Pseudo-Differential Operator A(x,y,D′x,y) related to Fα1,α2

Let a(x,y,ξ ,ζ ) = a′(x,y,ξ ,ζ )+a(∞,∞,ξ ,ζ ) be a symbol, and, as previously,

Fα1,α2(a
′)(x,y,ξ ,ζ )=

∫
R

∫
R

Kα1,α2(t,u,x,y)a
′(t,u,ξ ,ζ )dtdu, ∀x,y,ξ 6= 0,ζ 6= 0∈R.

Let us define, for any φ ∈ S(R×R) and x,y∈R, a function µ(x,y)= (A(x,y,D′x,y)φ)(x,y),
by

(A(x,y,D′x,y)φ)(x,y) =
∫
R

∫
R

Kα1,α2(t,u,x,y)Gα1,α2(t,u)dtdu, (14)

where the function Gα1,α2(t,u) is given by

Gα1,α2(t,u)= a(∞,∞, t,u)φ̂α1,α2(t,u)+
∫
R

∫
R

â′α1,α2(t−ξ ,u−η , t,u)φ̂α1,α2(ξ ,η)dξ dη .

(15)
Evidently, it has to be proved that Gα1,α2(t,u) is the Coupled fractional Fourier
transformable, in fact, we have Gα1,α2(t,u) ∈ L1(R×R) as∣∣a(∞,∞, t,u)φ̂α1,α2(t,u)

∣∣≤ max
|t|=1,|u|=1

|a(∞,∞, t,u)||φ̂α1,α2(t,u)| ∈ L1(R×R),

then obviously, it is sufficient to show that∫
R

∫
R

∫
R

∫
R

∣∣â′α1,α2(t−ξ ,u−η , t,u)φ̂α1,α2(ξ ,η)
∣∣dξ dηdtdu < ∞;

we have in fact, ∀p = 1,2,3, ...∫
R

∫
R

∣∣â′α1,α2(t−ξ ,u−η , t,u)φ̂α1,α2(ξ ,η)
∣∣dξ dη

≤ Mp

∫
R

∫
R
(1+ |t−ξ |2csc2

α1 + |u−η |2 csc2
α2)
−p|φ̂α1,α2(ξ ,η)|dξ dη .

This last expression is the convolution between (1+ |t|2csc2α1 + |u|2 csc2 α2)
−p

and |φ̂α1,α2(t,u)| both integrable for p sufficiently large.
Hence ∫

R

∫
R

∫
R

∫
R

∣∣â′α1,α2(t−ξ ,u−η , t,u)φ̂α1,α2(ξ ,η)
∣∣dξ dηdtdu < ∞.

Thus A(x,y,D′x,y)φ is continuous and bounded on S ′(R×R). Hence we can say
that[
Fα1,α2

(
A(x,y,D′x,y)

)
φ
]
(t,u) = a(∞,∞, t,u)φ̂α1,α2(t,u)

+
∫
R

∫
R

â′α1,α2(t−ξ ,u−η , t,u)φ̂α1,α2(ξ ,η)dξ dη

is verified the Coupled fractional Fourier transform in S ′(R×R).
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Theorem 3. If a(x,y,ξ ,ζ ) is a symbol, we have

[A(x,y,D′x,y)φ ](x,y) =
∫
R

∫
R

Kα1,α2(x,y,ξ ,ζ )

×
{∫

R

∫
R

Kα1,α2(t,u,ξ ,ζ )a(x,y,ξ ,ζ )φ(t,u)dtdu
}

dξ dζ

for every φ ∈S (R×R), x, y ∈ R.

Proof. It will be sufficient to prove that
(i) The integral

∫
R
∫
R Kα1,α2(t,u,ξ ,ζ )a(x,y,ξ ,ζ )φ(t,u)dtdu is absolutely cover-

gent.
(ii) We have Gα1,α2(ξ ,ζ ) =

∫
R
∫
R Kα1,α2(t,u,ξ ,ζ )a(x,y,ξ ,ζ )φ(t,u)dtdu.

We have (i), in fact, as a(x,y,ξ ,ζ ) = a(∞,∞,ξ ,ζ )+e
i
2 (x

2 cotα1+y2 cotα2)a′(x,y,ξ ,ζ ).
It is sufficient to prove the absolute convergence of∫

R

∫
R

Kα1,α2(t,u,ξ ,ζ )a(∞,∞,ξ ,ζ )φ(t,u)dtdu

= a(∞,∞,ξ ,ζ )
∫
R

∫
R

Kα1,α2(t,u,ξ ,ζ )φ(t,u)dtdu

= a(∞,∞,ξ ,ζ )φ̂α1,α2(ξ ,ζ ) for φ ∈S (R×R)

and∫
R

∫
R

Kα1,α2(t,u,ξ ,ζ )e
i
2 (t

2 cotα1+u2 cotα2)a′(t,u,ξ ,ζ )φ(t,u)dtdu for φ ∈S (R×R).

As

|e
i
2 (t

2 cotα1+u2 cotα2)a′(t,u,ξ ,ζ )| ≤Mp(1+ |t|2 + |u|2)−p for every p, we have

∣∣∣∣∫R
∫
R

Kα1,α2(t,u,ξ ,ζ )e
i
2 (t

2 cotα1+u2 cotα2)a′(t,u,ξ ,ζ )φ(t,u)dtdu
∣∣∣∣

≤
∫
R

∫
R
|Kα1,α2(t,u,ξ ,ζ )||e

i
2 (x

2 cotα1+y2 cotα2)a′(x,y,ξ ,ζ )||φ(t,u)|dtdu

≤
Mp

2π

1√
sinα1sinα2

∫
R

∫
R

|φ(t,u)|
(1+ |t|2 + |u|2)p dtdu.

It implies that
∫
R
∫
R Kα1,α2(t,u,ξ ,ζ )a(t,u,ξ ,ζ )φ(t,u)dtdu is absolutely covergent.

In order to prove (ii), it is sufficient that

Cα1Cα2

∫
R

∫
R

ei(tλ1−λ 2
1 )cotα1+i(uλ2−λ 2

2 )cotα2 â′α1,α2(t−λ1,u−λ2, t,u)

×φ̂α1,α2(λ1,λ2)dλ1dλ2

=
∫
R

∫
R

Kα1,α2(t,u,τ,ζ )e
i
2 (τ

2 cotα1+ζ 2 cotα2)a′(τ,ζ , t,u)φ(τ,ζ )dτdζ .
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Now, we have∫
R

∫
R

Kα1,α2(t,u,τ,ζ )e
i
2 (τ

2 cotα1+ζ 2 cotα2)a′(τ,ζ , t,u)φ(τ,ζ )dτdζ

=
∫
R

∫
R

Kα1,α2(t,u,τ,ζ )
[∫

R

∫
R

Kα1,α2(x1,y1,τ,ζ )e
i
2 (τ

2 cotα1+ζ 2 cotα2)

×â′α1,α2(x1,y1, t,u)dx1dy1

]
φ(τ,ζ )dτdζ

=
∫
R

∫
R

∫
R

∫
R

Cα1Cα2Cα1Cα2e
i
2 (t

2+τ2)cotα1−itτcscα1e
i
2 (u

2+ζ 2)cotα2−iuζ cscα2

×e−
i
2 (x

2
1+τ2)cotα1+ix1τcscα1e−

i
2 (y

2
1+ζ 2)cotα2+iy1ζ cscα2 â′α1,α2(x1,y1, t,u)φ(τ,ζ )

×dx1dy1dτdζ

=
∫
R

∫
R

∫
R

∫
R

Cα1Cα2Cα1Cα2e
i
2 [(t−x1)

2+τ2]cotα1−iτ(t−x1)cscα1

×e
i
2 [(u−y1)

2+ζ 2]cotα2−iζ (u−y1)cscα2eix1(t−x1)cotα1+iy1(u−y1)cotα2

×â′α1,α2(x1,y1, t,u)φ(τ,ζ )dx1dy1dτdζ .

By making in the internal integral the substitution t− x1 = λ1 and u− y1 = λ2

=
∫
R

∫
R

∫
R

∫
R

Cα1Cα2Cα1Cα2e
i
2 [λ

2
1 +τ2]cotα1−iτλ1cscα1e

i
2 [λ

2
2 +ζ 2]cotα2−iζ λ2cscα2

× ei(tλ1−λ 2
1 )cotα1+i(uλ2−λ 2

2 )cotα2 â′α1,α2(t−λ1,u−λ2, t,u)φ(τ,ζ )dx1dy1dτdζ .

= Cα1Cα2

∫
R

∫
R

ei(tλ1−λ 2
1 )cotα1+i(uλ2−λ 2

2 )cotα2 â′α1,α2(t−λ1,u−λ2, t,u)

×φ̂α1,α2(λ1,λ2)dλ1dλ2.

This completes the proof.

Theorem 4. We have the inequality

‖A(x,y,D′x,y)φ‖s ≤Cα1,α2‖φ‖s, (16)

∀s ∈ R, φ ∈S (R×R), for a certain constant Cα1,α2 .

Proof. We have in fact the immediate decomposition

A(x,y,D′x,y) = A(∞,∞,D′x,y)+A′(x,y,D′x,y).

We must remark that for φ ∈S (R×R). We have by definition

Âα1,α2(∞,∞,D′x,y)φ(t,u) = a(∞,∞, t,u)φ̂α1,α2(t,u).

We have[
Fα1,α2

(
A′(x,y,Dx

′
,y)
)
φ
]
(t,u) = Cα1Cα2

∫
R

∫
R

ei(tλ1−λ1
2)cotα1+i(uλ2−λ2

2)cotα2

×â′α1,α2(t−λ1,u−λ2, t,u)φ̂α1,α2(λ1,λ2)dλ1dλ2.
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Then we see that first of all∥∥A(∞,∞,D′x,y)φ
∥∥2

s =
∫
R

∫
R
(1+ |t|2)

s
2 (1+ |u|2)

s
2 |a(∞,∞, t,u)φ̂α1,α2(t,u)|2dtdu

≤
(

sup
|t|=|u|=1

|a(∞,∞, t,u)|
)2

‖φ‖2
s .

Therefore ∥∥A(∞,∞,D′x,y)φ
∥∥

s ≤ C1‖φ‖s.

Less trivial is estimate for A′(x,y,D′x,y)φ . Its coupled fractional Fourier transform
in S ′(R×R) equals

Cα1Cα2

∫
R

∫
R

ei(tλ1−λ 2
1 )cotα1+i(uλ2−λ 2

2 )cotα2 â′α1,α2(t−λ1,u−λ2, t,u)φ̂α1,α2(λ1,λ2)dλ1dλ2

and then ( using the definition of Hs(R×R) ). We will have to estimate the norm
L2(R×R) of the expression

(1+ |t|2)
s
2 (1+ |u|2)

s
2 Cα1Cα2

∫
R

∫
R

ei(tλ1−λ 2
1 )cotα1+i(uλ2−λ 2

2 )cotα2

×â′α1,α2(t−λ1,u−λ2, t,u)φ̂α1,α2(λ1,λ2)dλ1dλ2

which is equal to Us(t,u).
Now, we have∣∣∣∣Us(t,u)

∣∣∣∣ = |Cα1Cα2 |
∣∣∣∣∫R

∫
R
(1+ |t|2)

s
2 (1+ |u|2)

s
2 ei(tλ1−λ 2

1 )cotα1+i(uλ2−λ 2
2 )cotα2

×â′α1,α2(t−λ1,u−λ2, t,u)φ̂α1,α2(λ1,λ2)dλ1dλ2

∣∣∣∣
= |Cα1Cα2 |

∫
R

∫
R
(1+ |t|2)

s
2 (1+ |λ1|2)

−s
2 (1+ |u|2)

s
2 (1+ |λ2|2)

−s
2

×|â′α1,α2(t−λ1,u−λ2, t,u)|(1+ |λ1|2)
s
2 (1+ |λ2|2)

s
2

×|φ̂α1,α2(λ1,λ2)|dλ1dλ2 (17)

≤ |Cα1Cα2 |Dl2|s|
∫
R

∫
R
(1+ |t−λ1|2)

|s|
2 (1+ |u−λ2|2)

|s|
2

×(1+ |t−λ1|2 csc2
α1)

−l
2 (1+ |u−λ2|2 csc2

α2)
−l
2 (1+ |λ1|2)

s
2

×(1+ |λ2|2)
s
2 |φ̂α1,α2(λ1,λ2)|dλ1dλ2 (18)

= Cα1Cα2 |Dl2|s|
∫
R

∫
R

gα1,α2(t−λ1,u−λ2) fα1,α2(λ1,λ2)dλ1dλ2 (say)

= Cα1Cα2 |Dl2|s|(gα1,α2 ∗ fα1,α2)(t,u).

If l is large, gα1,α2 ∈ L1(R×R). Also since φ̂α1,α2 ∈S (R×R), fα1,α2(λ1,λ2) ∈
L2(R×R).
Then gα1,α2(t−λ1,u−λ2) fα1,α2(λ1,λ2) belongs to L2(R×R) and the inequality

‖gα1,α2 ∗ fα1,α2‖L2(R×R) ≤ ‖gα1,α2‖L1(R×R)‖ fα1,α2‖L2(R×R).
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It implies that
‖Us‖L2(R×R) ≤ |C2(α1,α2)|‖φ‖s.

Now

‖A(∞,∞,D′x,y)φ +A′(x,y,D′x,y)φ‖s ≤ ‖A(∞,∞,D′x,y)φ‖s +‖A′(x,y,D′x,y)φ‖s

‖A(x,y,D′x,y)φ‖s ≤ C1‖φ‖s + |C2(α1,α2)|‖φ‖s =Cα1,α2‖φ‖s.

This completes the proof.

4 The pseudo-differential operator A (x,y,D′x,y)

We consider a symbol a(x,y,ξ ,ζ ). We introduce an operator A (x,y,D′x,y) of S (R×
R) in S ′(R×R) by means of the formula

[A (x,y,D′x,y)φ ](x,y) =
∫
R

∫
R

Kα1,α2(t,u,x,y)Hα1,α2(t,u)dtdu,

where, for φ ∈S , the function Hα1,α2(t,u) is defined by the relation

Hα1,α2(t,u) = a(∞,∞, t,u)φ̂α1,α2(t,u)

+ Cα1Cα2

∫
R

∫
R

ei(tλ1−λ 2
1 )cotα1+i(uλ2−λ 2

2 )cotα2

×â′α1,α2(t−λ1,u−λ2, t,u)φ̂α1,α2(λ1,λ2)dλ1dλ2

∀φ ∈S and t 6= 0, u 6= 0 ∈ R.
With the same proof used for A(x,y,D′x,y) we have; the function A (x,y,D′x,y) is
continuous and bounded for x,y ∈R. Besides, we see that if the symbol a(x,y, t,u)
does not depend on x,y, we have A(D′x,y) = A (D′x,y).

Theorem 5. We have

[A (x,y,D′x,y)φ ](x,y) =
∫
R

∫
R

Kα1,α2(x,y, t,u) (19)

×a(x,y, t,u)φ̂α1,α2(t,u)dtdu, ∀φ ∈S (R×R).(20)

Proof. As a(x,y, t,u)= a(∞,∞, t,u)+e
i
2 (x

2 cotα1+y2 cotα2)a′(x,y, t,u) and φ̂α1,α2(t,u)∈
S (R×R), the integral is absolutely convergent.
We have, then:∫

R

∫
R

Kα1,α2(x,y,ξ ,ζ )
[
Cα1Cα2

∫
R

∫
R

âα1,α2(ξ − t,ζ −u, t,u)φ̂α1,α2(t,u)e
i(ξ t−t2)cotα1ei(ζ u−u2)cotα2dtdu

]
dξ dζ (21)

is absolutely convergent because∫
R

∫
R

Kα1,α2(x,y, t,u)e 2
i (x2 cotα1+y2 cotα2)a′(x,y, t,u)φ̂α1,α2(t,u)dtdu

=
∫
R

∫
R

∫
R

∫
R

Cα1Cα2Kα1,α2(x,y,ξ ,ζ )âα1,α2(ξ − t,ζ −u, t,u)φ̂α1,α2(t,u)e
i(ξ t−t2)cotα1+i(ζ u−u2)cotα2dtdudξ dζ
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∣∣∣∣∫R
∫
R

Kα1,α2(x,y, t,u)e
i
2 (x

2 cotα1+y2 cotα2)a′(x,y, t,u)φ̂α1,α2(t,u)dtdu
∣ ∣∣∣

=

∣ ∣∣∣∫
R

∫
R

∫
R

∫
R

Cα1Cα2Kα1,α2(x,y,ξ ,ζ )âα1,α2(ξ − t,ζ −u, t,u)φ̂α1,α2(t,u)e
i(ξ t−t2)cotα1+i(ζ u−u2)cotα2dtdudξ d ζ

∣∣∣∣
≤

∫
R

∫
R

∫
R

∫
R
|Cα1 ||Cα2 ||Kα1,α2(x,y,ξ ,ζ )||âα1,α2(ξ − t,ζ −u, t,u)||φ̂α1,α2(t,u)|dtdudξ dζ

≤ Dl

4π2|sinα1||sinα2|

∫
R

∫
R
|φ̂α1,α2(t,u)|

(∫
R

∫
R
(1+ |ξ − t|2csc2

α1)
− l

2 (1+ |ζ −u|2csc2
α2)
− l

2 dξ dζ

)
dtdu

< ∞ for l large enough.

Furthermore, we see that (21) equals∫
R

∫
R

Cα1Cα2e−
i
2 (x

2+ξ 2)cotα1+ixξ cscα1e−
i
2 (y

2+ζ 2)cotα2+yζ cscα2

[
Cα1Cα2

∫
R

∫
R

âα1,α2(ξ − t,ζ −u, t,u)

× φ̂α1,α2(t,u)e
i(ξ t−t2)cotα1ei(ζ u−u2)cotα2dtdu

]
dξ dζ

=
∫
R

∫
R

∫
R

∫
R

Cα1Cα2e−
i
2 (x

2+(ξ−t)2)cotα1+ix(ξ−t)cscα1e−
i
2 (y

2+(ζ−u)2)cotα2+y(ζ−u)cscα2

× Cα1Cα2 âα1,α2(ξ − t,ζ −u, t,u)φ̂α1,α2(t,u)e
i x2

2 cotα1+i y2
2 cotα2dtdudξ dζ

=
∫
R

∫
R

ei x2
2 cotα1+i y2

2 cotα2Kα1,α2(x,y, t,u)a
′(x,y, t,u)φ̂α1,α2(t,u)dtdu.

This will prove Theorem 5.

Theorem 6. Let a(x,y,ξ ,ζ ) be a symbol, and a(x,y,ξ ,ζ ) its complex conjugate,
the operator A(x,y,D′x,y) associated to a(x,y,ξ ,ζ ), operator A (x,y,D′x,y) associ-
ated to a(x,y,ξ ,ζ ). Then, we have the equality

〈A(x,y,D′x,y)ψ,ϕ〉L2(R×R) = 〈ψ,A (x,y,D′x,y)ϕ〉L2(R×R) ∀ψ, ϕ ∈S (R×R).

Proof. It will be sufficient to show that for ψ, ϕ ∈S (R×R). We have first of all

[A (x,y,D′x,y)ϕ](x,y)=
∫
R

∫
R

Kα1,α2(x,y,ξ ,ζ ) a(x,y,ξ ,ζ )ϕ̂α1,α2(ξ ,ζ )dξ dζ , ∀ϕ ∈S (R×R) ( Theorem5 ).

Hence, we get, when

〈ψ,ϕ〉L2(R×R) =
∫
R

∫
R

ψ(ξ )ϕ(ζ )dξ dζ ,

the equality

〈ψ,A (x,y,D′x,y)ϕ〉L2(R×R) =
∫
R

∫
R

ψ(x,y)
(∫

R

∫
R

Kα1,α2(x,y,ξ ,ζ ) a(x,y,ξ ,ζ )ϕ̂α1,α2(ξ ,ζ )dξ dζ

)
dxdy

=
∫
R

∫
R

∫
R

∫
R

ψ(x,y)Kα1,α2(x,y,ξ ,ζ )a(x,y,ξ ,ζ )ϕ̂α1,α2(ξ ,ζ )dξ dζ dxdy.(22)
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Now by Parsevel’s formula, we have obtain, using also Theorem 3

〈A(x,y,D′x,y)ψ,ϕ〉L2(R×R) = 〈Fα1,α2 [A(x,y,D
′
x,y)ψ], ϕ̂α1,α2〉L2(R×R)

=
∫
R

∫
R

Fα1,α2 [A(x,y,D
′
x,y)ψ](ξ ,ζ )ϕ̂α1,α2(ξ ,ζ )dξ dζ

=
∫
R

∫
R

∫
R

∫
R

Kα1,α2(x,y,ξ ,ζ )a(x,y,ξ ,ζ )ψ(x,y)ϕ̂α1,α2(ξ ,ζ )dxdydξ dζ .(23)

From (22) and (23), we obtain the equality

〈A(x,y,D′x,y)ψ,ϕ〉L2(R×R) = 〈ψ,A (x,y,D′x,y)ϕ〉L2(R×R) ∀ψ, ϕ ∈S (R×R).

This will prove Theorem 6.

Theorem 7. We have the relation

‖
[
A(x,y,D′x,y)−A (x,y,D′x,y)

]
φ‖s ≤C′α1,α2

‖φ‖s, ∀s ∈ R, ∀φ ∈S (R×R).

Proof. It is known that A(x,y,D′x,y)φ ∈S (R×R) and that we have

[
Fα1,α2

(
A(x,y,D′x,y)

)
φ
]
(t,u) = a(∞,∞, t,u)φ̂α1,α2(t,u)+Cα1 Cα2

∫
R

∫
R

ei(tλ1−λ 2
1 )cotα1+i(uλ2−λ 2

2 )cotα2

×â′α1,α2(t−λ1,u−λ2, t,u)φ̂α1,α2(λ1,λ2)dλ1dλ2

( Coupled fractional Fourier transform inS ′(R×R)). The same is valid for A (x,y,D′x,y)
and[
Fα1,α2

(
A (x,y,D′x,y)

)
φ
]
(t,u) = a(∞,∞, t,u)φ̂α1,α2(t,u)+Cα1 Cα2

∫
R

∫
R

ei(tλ1−λ 2
1 )cotα1+i(uλ2−λ 2

2 )cotα2

×â′α1,α2(t−λ1,u−λ2,λ1,λ2)φ̂α1,α2(λ1,λ2)dλ1dλ2.

Hence, we obtain, with Coupled fractional Fourier transform in S ′(R×R)[
Fα1,α2

(
A(x,y,D′x,y)−A (x,y,D′x,y)

)
φ
]
(t,u)

= Cα1 Cα2

∫
R

∫
R

ei(tλ1−λ 2
1 )cotα1+i(uλ2−λ 2

2 )cotα2

[
â′α1,α2(t−λ1,u−λ2, t,u)− â′α1,α2(t−λ1,u−λ2,λ1,λ2)

]
× φ̂α1,α2(λ1,λ2)dλ1dλ2.
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Therefore, we will have to estimate the norm L2(R×R) of the expression

Us(t,u) = (1+ |t|2)
s
2 (1+ |u|2)

s
2 Cα1 Cα2

∫
R

∫
R

ei(tλ1−λ 2
1 )cotα1+i(uλ2−λ 2

2 )cotα2

×
[

â′α1,α2(t−λ1,u−λ2, t,u)− â′α1,α2(t−λ1,u−λ2,λ1,λ2)

]
φ̂α1,α2(λ1,λ2)dλ1dλ2

= Cα1 Cα2

∫
R

∫
R

(1+ |t|2) s
2

(1+ |λ1|2)
s
2

(1+ |u|2) s
2

(1+ |λ2|2)
s
2

ei(tλ1−λ 2
1 )cotα1+i(uλ2−λ 2

2 )cotα2

×
[

â′α1,α2(t−λ1,u−λ2, t,u)− â′α1,α2(t−λ1,u−λ2,λ1,λ2)

]
×(1+ |λ1|2)

s
2 (1+ |λ2|2)

s
2 φ̂α1,α2(λ1,λ2)dλ1dλ2

|Us(t,u)| ≤ |Cα1 Cα2 |2|s|
∫
R

∫
R
(1+ |t−λ1|2)

|s|
2 (1+ |u−λ2|2)

|s|
2

[
|â′α1,α2(t−λ1,u−λ2, t,u)|

+|â′α1,α2(t−λ1,u−λ2,λ1,λ2)|
]
(1+ |λ1|2)

s
2 (1+ |λ2|2)

s
2 |φ̂α1,α2(λ1,λ2)|dλ1dλ2

≤ |Cα1 Cα2 |2|s|Dl

∫
R

∫
R

2(1+ |t−λ1|2)
|s|
2 (1+ |u−λ2|2)

|s|
2 (1+ |t−λ1|2 cscα1)

− l
2

×(1+ |u−λ2|2 cscα2)
− l

2 (1+ |λ1|2)
s
2 (1+ |λ2|2)

s
2 φ̂α1,α2(λ1,λ2)dλ1dλ2

=
∫
R

∫
R

hα1,α2(t−λ1,u−λ2) fα1,α2(λ1,λ2)dλ1dλ2 (say)

= (hα1,α2 ∗ fα1,α2)(t,u).

If l is large, hα1,α2 ∈L1(R×R). Also, since φ̂α1,α2(λ1,λ2)∈S (R×R), fα1,α2(λ1,λ2)∈
L2(R×R).
Then (hα1,α2 ∗ fα1,α2)(t,u) belongs to L2(R×R) and the inequality

‖hα1,α2 ∗ fα1,α2‖ ≤ ‖hα1,α2‖L1(R×R)‖ fα1,α2‖L2(R×R).

It implies that
‖Us‖L2(R×R) ≤C′α1,α2

‖φ‖s.

Hence

‖
[
A(x,y,D′x,y)−A (x,y,D′x,y)

]
φ‖s ≤C′α1,α2

‖φ‖s, ∀s ∈ R, ∀φ ∈S (R×R).

This will prove Theorem 7.
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