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1. Introduction

Fractals are complex structures known for their detailed patterns and self-similarity across different
scales, often emerging from chaotic systems. The Lorenz attractor is a well-known example of such a
system, revealing intricate, fractal-like behavior. This paper explores methods for visualizing the
fractal properties of the Lorenz attractor using MATLAB, a powerful tool for numerical simulation
and graphical representation [7].

1.1 Overview of the Lorenz System:

The Lorenz system is defined by three nonlinear differential equations:
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where g, p, and £ are parameters that influence the system's dynamics. Specifically, o represents the
Prandtl number, p the Rayleigh number, and S the aspect ratio of the system. Using typical values

such aso = 10,p =28, and f = 2 the Lorenz system exhibits chaotic behavior with a distinctive

butterfly-shaped attractor [7, 13]. This attractor demonstrates how small variations in initial conditions
can lead to significantly different outcomes, a key feature of chaotic systems [3].

1.2 Overview of Fractional Lorenz System

Grigorenko and Grigorenko progressed the Lorenz system (1) in 2003 to get Lorenz system of
fractional order [4]. The system of fractional order g is given here:

https://internationalpubls.com

610



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 8s (2025)

Dix =o(y—x)

Diy =x(p—2)—y
D1z =xy-—pfz @

2. Understanding Attractors and Fractals

Attractors: Define the term "attractor” within the realm of dynamical systems. Elaborate on the idea
of a strange  attractor, highlighting  its  intricate  fractal structure  [10].
Fractals: Discuss the fractal characteristics of the Lorenz attractor, focusing on its self-similarity and
fractal dimension. Illustrate how this fractal nature is a hallmark of the system's chaotic behavior [2].

2.1 Analyzing the Lorenz Attractor
2.1.1 Phase Space Analysis:

o Concept of Phase Space: Phase space is a multidimensional space where each point represents
a unique state of a system, allowing for a comprehensive visualization of the system's dynamics [1].

o Lorenz Attractor in Phase Space: With the help of the coordinates x,y and z the Lorenz
attractor is observed by plotting its trajectories in a three-dimensional space. These trajectories intricate
a complex, butterfly-shaped structure which is an illustration of chaotic nature the system [1].

o Significance of Trajectories: The Lorenz attractor's phase trajectories show how the system
has changed over time. The system's sensitivity to initial conditions, a characteristic of chaos, is
highlighted by the way trajectories, which begin with almost similar initial conditions, vary
considerably [1].

o Implications: Researchers can better understand the stability, periodicity, and general behavior
of the system by analyzing these trajectories. It emphasizes a key feature of chaotic systems - that little
adjustments can have a big impact on results [1].

2.2 Lyapunov Exponents:

o Definition and Importance: The sensitivity of a dynamical system to beginning conditions is
measured by Lyapunov exponents, which quantify the rates at which neighboring trajectories in phase
space diverge or converge [16].

o Positive Lyapunov Exponents: Trajectories diverge exponentially over time when the
Lyapunov exponent is positive, a symptom of chaos caused by slight variations in the initial conditions
[16].

o Calculation: Time series data are used to calculate the Lyapunov exponents for the Lorenz
system. For this, the system must be linearized around a trajectory, and the exponential rates of
divergence or convergence must be examined [16].

o Interpretation: The system's predictability horizon is shown by the greatest Lyapunov
exponent. The chaotic nature of the Lorenz system is confirmed by a positive Lyapunov exponent,
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which also demonstrates how exponential growth of initial errors renders long-term forecasts incorrect
[16].

3. Visualization Using MATLAB
3.1 Setting up the Computational Environment

A powerful tool for numerical analysis and visualization, MATLAB is ideal for researching intricate
systems such as the Lorenz attractor. Verify that MATLAB is installed and that the necessary toolboxes
for visualizing and solving differential equations are available [9].

3.2 Formulating the Lorenz System

Create a function in MATLAB that applies the differential equations to define the Lorenz system. The
behavior of the system over time will be simulated using this function [6]. This is the way to
encapsulate the Lorenz equations so that MATLAB can numerically integrate them and generate
trajectory data.

3.3 Numerical Solution of the System

Integrate the Lorenz equations using MATLAB's numerical solvers, such as ode45.These solvers
calculate an approximation of the system's trajectory over a specific time interval starting from
beginning conditions [11]. Time series data for the state variables make up the output, which may be
examined to learn more about the behavior of the system.

3.4 Plotting the Lorenz Attractor

Make a 3D graphic of the state variablesx, y and z to see the Lorenz attractor.This plot gives a visual
depiction of the chaotic dynamics of the system and highlights the intricate, spiral structure of the
attractor [5]. The complex patterns found highlight the attractor's fractal-like properties.

3.5 Analyzing Fractal Characteristics

To gain a more profound understanding of the fractal characteristics of the Lorenz attractor, produce
intricate illustrations by altering parameters or starting conditions. These variations can reveal many
facets of the self-similarity and complexity of the attractor [15].More in-depth methods, such symbolic
dynamics, can examine the attractor's fractal patterns in more detail [5].

3.6 Advanced Visualization Techniques

The accuracy of the results can be improved by high-precision computations, particularly for unstable
periodic orbits. MATLAB facilitates these sophisticated techniques, offering more detailed insights
into the fractal properties and structure of the attractor [14].

4. Fractal Representations and Analysis of the Lorenz Attractors
4.1 Phase portrait and fractal depiction of the real Lorenz system with real initial conditions.

Following figures represent the fractal Fig. 1 and phase portrait Fig. 2 for real Lorenz system (1) with
real initial conditions x, = 1, y, = 1, z, = 1 respectively.
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Fractal from Lorenz System Lorenz Attractor

Figure 1: Fractal for real Lorenz system (1) Figure 2: Phase portrait for real Lorenz
witho = 10,p =28, and f = 8/3 and x, = system (1) witho = 10,p =28, and § = 8/3
1,y0=1,Z0=1 ande=1,y0=1,Z0=1

4.2 Phase portrait and fractal depiction of the real fractional ordered Lorenz system.

Additionally, we have discovered the fractional order Lorenz system's (2) fractal representation.
Following illustrations show the fractal Fig. 3 and phase portrait Fig. 4 for fractional ordered Lorenz
system (2) with initial conditions x, = 1,y, = 1,2, = 1 respectively and the order g = 0.98.

Fractal from Fractional-Order Lorenz System Fractional-Order Lorenz Attractor

Figure 3: Fractal for fractional order Lorenz Figure 4: Phase portrait for fractional order
system (2) witho = 10,p = 28,and 8 = 8/3 Lorenz system (2) with ¢ = 10, p = 28, and
and g =098 withx, =1,y,=1,2, = 1. B =8/3andq =098 withx, =1,y, =

I,ZO =1.
5. Applications and Implications
Meteorology: The original purpose of the Lorenz system was to simulate atmospheric convection and
enhance weather forecasting. Edward Lorenz made the finding that minute changes in starting
conditions could produce remarkably varied weather results, this is referred to as the "butterfly effect".

This insight has greatly influenced meteorology, highlighting the limitations of long-term weather
forecasts and prompting the development of more advanced and probabilistic forecasting techniques

[8].
Broader Implications: The principles derived from the Lorenz attractor and chaos theory extend
beyond meteorology into various disciplines. In engineering, these concepts help to comprehend and
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control chaotic behaviors in systems. They are used to simulate intricate and dynamic systems in
economics, such financial markets. Furthermore, these discoveries are applied in the social sciences,
biology, and ecology to enhance comprehension and forecast the behavior of complex systems [12].

6. Simulation result

The results of simulating the Lorenz attractor and its several extensions with MATLAB are shown in
this section. We investigate two different Lorenz systems: the fractional order Lorenz system and the
conventional Lorenz system, both with same initial circumstances.

Lorenz Attractor: The Lorenz system, which uses a set of ordinary differential equations to simulate
atmospheric convection, has chaotic solutions that make up the classic Lorenz attractor. We simulated
the Lorenz attractor with various initial circumstances using MATLAB. Using the fourth-order Runge-
Kutta method, precise numerical solutions were obtained. The intricate patterns created in the phase
space by the simulations reveal the fractal structure of the Lorenz attractor and highlight its sensitivity
to initial conditions as well as the existence of unusual attractors. Fractals are demonstrated for same
initial conditions.

Fractional-Order Real Lorenz System:

The fractional-order Lorenz system and the incorporation of fractional derivatives into the differential
equations were the subjects of additional investigation. This change makes it possible to model
anomalous diffusion and memory effects in systems. MATLAB was used to simulate this system with
numerical methods tailored for fractional-order differential equations. The fractal structures from these
simulations exhibit unique patterns distinct from the classical integer-order Lorenz system,
emphasizing the impact of fractional derivatives on the system's dynamics.

Visual Representations:

The section 4 visual representations provide a thorough understanding of the behaviors of these chaotic
systems by confirming the fractal nature of the Lorenz attractor and its variations. The visualization of
these intricate processes was made possible in large part by MATLAB, proving the value of numerical
simulations in the study of dynamical systems.

7. Conclusion

This paper has used MATLAB simulations to investigate the fascinating field of the Lorenz attractor
and its extensions through fractal geometry. We examined the classical Lorenz system, and the
fractional-order Lorenz system, each providing unigue insights into chaotic system behaviors.

Key Findings

Classical Lorenz Attractor: The traditional Lorenz attractor displayed its iconic butterfly-shaped
chaotic attractor, demonstrating the system's (1) sensitivity to initial conditions and the presence of
strange attractors. The fractal patterns observed in the phase space highlighted the system's intricate
and self-similar nature in the Fig. 1.

Fractional-Order Lorenz System: Introducing fractional derivatives into the Lorenz system (2)
added a new layer of complexity, capturing memory effects and anomalous diffusion. The unique
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fractal patterns resulting from these simulations illustrated the significant impact of fractional calculus
on the system's dynamics as in Fig. 3.

Implications

Our findings highlight the versatility and effectiveness of MATLAB in simulating and visualizing
complex dynamical systems. The fractal structures observed across different versions of the Lorenz
system enhance our understanding of chaos theory and have potential applications in various fields
such as meteorology, engineering, and financial modeling.

Future Work

Future research could expand on these results by exploring other chaotic systems and their fractal
characteristics using both traditional and innovative mathematical techniques. Furthermore, more
research into the useful uses of these discoveries may provide insightful information about real-world
occurrences that chaotic systems model.

Finally, our research on the Lorenz attractor and its expansions has given us a thorough understanding
of how chaotic systems are fractal in nature. Visualizing these detailed patterns and complex behaviors
with MATLAB has shown to be a valuable tool that will help with future research and practical
applications.
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