Communications on Applied Nonlinear Analysis

ISSN: 1074-133X

Vol 32 No. 8s (2025)

Analyzing Air Traffic Control System Reliability with Markov Process

Methods

LAnmol Gupta, 2Dr. Vipin Kumar, 3Dr. Abhinav Saxena

IResearch Scholar, Department of Mathematics, Teerthanker Mahaveer University, Moradabad, India
2Associate Professor, Department of Mathematics, Teerthanker Mahaveer University, Moradabad, India
3Associate Professor, Department of Mathematics, Teerthanker Mahaveer University, Moradabad, India

Email: tanmolgupta635@gmail.com, 2drvipink.engineering@tmu.ac.in, 3drabhinav.engineering@tmu.ac.in

Article History:

Received: 27-10-2024
Revised:29-11-2024

Accepted:28-12-2024

Abstract:

This paper concludes the mathematical models of the Markov process to examine the
reliability of Air Traffic Control (ATC) systems. The safety and effectiveness of air travel
depend significantly on reliability of ATC systems, making it necessary to evaluate
& enhance their performance using robust analytical techniques. We use continuous-time
Markov chains to model the different operational, failure states and degrade state. We
analyse Markov process alongside various component failures and repairs of the ATC that
may occur during its operation. To assess the system's performance, we calculate reliability
and mean time to failure (MTTF). Sensitivity analysis is used to identify the critical
components of the ATC.
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Nomenclature and System Description

T Time period
\/ Laplace transformation variable
x A random variable representing amount of time taken for repairs
Li(t); i=0,1,2 Probability that ATC system is in state P; at time t
L,(v) Laplace transformation of L; (t)
Li(x,t); i=3,4,5 Probability that ATC system is in state Pj at time t
L,(x,v) Laplace transformation of Li(x,t)

Ory Ocy Ody Oy Oco

Average rate of failure of Radar Systems, Communication Tools, Data
Accuracy System, Weather Information, Coordination respectively

Br(x) Repair rate of Radar System
Be(x) Repair rate of Communication Tools
Ly(x) Repair rate of Data Accuracy System or concurrent repair rate of Radar
System, Data Accuracy System and Communication Tools
Tw(x) Repair rate of Weather Information or Radar System, Weather Information
and Communication Tools
Leo(x) Repair rate of Coordination or Radar System, Coordination and

Communication Tools
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Nomenclature

Po All systems are in good state

P1 Radar System in degrade state

P, Communication Tools in degrade state

P3 Radar System, Data Accuracy System and Communication Tools are failed
P4 Radar System, Weather Information and Communication Tools are failed
Ps Radar System, Coordination and Communication Tools are failed

System Description
1. Introduction

The reliability of air traffic control (ATC) systems is critical to ensuring safety and efficiency of air
transportation. With increasing complexity of air traffic networks and demand for higher capacity
and better performance, evaluating and enhancing reliability of ATC systems has become a focal
point of research and development. Markov process methods, known for their robust ability to model
stochastic systems, offer a promising approach to analysing reliability of ATC systems. By
employing Markov processes, researchers can create models that accurately represent various states
and transitions of an ATC system, accounting for both predictable and random events that may affect
system performance. This method allows for a more comprehensive analysis, facilitating
identification of potential failure points and development of strategies to mitigate risks. We will
begin by discussing fundamental principles of Markov processes and their relevance to ATC
systems. Following this, we will delve into the construction of Markov models tailored to specific
components of ATC systems, including radar systems, communication networks, Weather
Information, Data Accuracy System and Coordination System. By applying these models, we aim to
quantify system reliability, identify critical vulnerabilities, and propose improvements to enhance
overall system resilience. Through this research, we seek to contribute to the body of knowledge in
field of air traffic management and provide practical insights for enhancing the safety and reliability
of air traffic control operations. Many authors used different methods, for e.g Markov Process [1],
[2], [3], with help of fuzzy approach [4], [5], [6], FTA (Fault Tree Analysis) [7], [8], [9] and many
more for industrial system like as sugar mill [10], [11], and NPP (Nuclear Power Plant) [12], [13]
and many more. The Markov process and mathematical modeling are used to assess availability,
mean time to failure (MTTF), and reliability of a casting process. Author also used sensitivity
analysis to pinpoint essential elements of casting method [14].

Building on the previously mentioned research, authors of this study aimed to investigate the air
traffic control (ATC) system, one of the most critical components in aviation, by employing
mathematical modeling and the Markov process to assess its mean time to failure (MTTF) and
reliability. For this analysis, they focused on the radar system, data accuracy system, weather
information, coordination tools, and communication tools of the ATC.

2. System Description

This system consists of multiple interconnected subsystems and components, each contributing
significantly to its overall functionality and safety. The main components of the ATC system include:

o Radar System: This subsystem is essential for tracking the real-time position of aircraft.
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o Communication Tools: These include various communication technologies used for voice
and data transmission between air traffic controllers and pilots.

o Data Accuracy System: This component ensures the precision and reliability of the data
collected and processed by the ATC.

o Weather Information System: This subsystem provides critical meteorological data, including
weather forecasts, current weather conditions, and potential hazards. Accurate weather information is
crucial for flight planning and safe aircraft operation.

o Coordination Tools: These tools facilitate effective communication and coordination between
different ATC units and with the aircraft.

Assumptions

o Starting phase all the systems are in good state.

o It is not possible for the ATC to fail simultaneously.

. There is always a repair facility accessible.

o When one of the ATC's components fails, the system becomes failed or degraded.
o It is assumed that average failures are constant.

State Transition Diagram

[ T

o Den

Figure 1: State Transition Diagram
3. Mathematical Representation and It’s Solution

Assuming state transition diagram (fig 1) with the time (t , t+At) and At» 0 and with help of
Kolmogorov Forward Equation and Markov Process, we make a differential integral equation :

d
<a+ a, +a.+a,+a, + aco) L,(®)

= B.(OL,(0) + B OO + f I, GOL,(x, Odx + f I, (L, (6 dx
0 0

+ fo T, ()L (e, £) dx )
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(548,00 + e+ @+ + ) Ly (0 = L0 + @, CIL(D )
(% LB Fa, +ayta,+ aco> L) = B.(OL,(D) + a, ()L, (® 3)
Jd 0
<ﬁ+§+rd(x))L3(x’ t)=0 )
0 d
(ai‘aﬁ' FW(X)>L4(X,TS) =0 (5)
0 d
<a+£+ FCO(X)>L5(X,t) =0 @)
Boundary and Initial condition
L;(0,t) = a,[L,()+ L, (@) + L,(@®)] (7
L,0,t) =a,[L,()+L,@®)+L,1®)] (8)
L;(0,t) = a ., [Ly )+ L,(t)+ L,@)] 9)
(L ifi=t=0
L@ _{ 0, otherwise (10)

Now taking Laplace Transformation for equation (1) to (6) and taken help of boundary condition and
initial condition

(s+a,+a,+a,+a, +a.,)L,(t) =B, (x)L,(t) + B.(x)L,(t) + fooo [y () L;(x,t)dx +

f;o Ty (0)L,(x,t)dx + f;o [y (x)Ls(x, t)dx (11)

(s+B,()+a.+a;+a,+a.,)L,(t) =B, (x)L,{t) + a,(x)L,(t) (12)
(s+B.()+a.+a;+a, +a.,)L, () =B.()L,(1) +a,(x)L,®) (13)
(:—x+s+Fd(x)>l_,3(x,t) 0 (14)
(;—x+ s+ rw(x))z4(x, H=0 (15)
(Z+5+T.,0) L0 =0 (16)

Now solving equation (11) to (16) with the help of boundary and initial condition and system of
linear equation to find out the value of Lo(t), L1(t), L2(t):

L,(s) =

agFg™) aywrw ) acow & C3(
5 s+I"d(x) s+1"w(x) s+1"w(x) C4\

1

ad['d(x) ) aw My (x) ) aCOFW(x))_(Br(x)Cj ) ac)( (30 +4 adl"d(x) ) ayy Ty () , awl"w(x))
s+Lg(0) " s+Ty, () 7 sty () cicy 'Cp Belx Ts4rg(0) T s+ry G T s+, ()

B (x) +
17)
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L,(s) = i—jz () (18)
L) = (P45 Lo(s) (19)
Where,

C,=G+a,+a.+a,+a, +a,,)
C,=0G6+B&)+a,+a; +a, +a.,)
C;=0G6+B,)+a,+a,+a,+ a.,)

a.a
C,=a, +——
4 T CI
a X
Cs=C,+ T%()
1

If the system is in a working state (either good or degraded), it is denoted by A(t). If the system is in
a failed state, it is denoted by B(t).

A(t) = L,(s)+ L,(s) +L,(s) (20)
B(t) = L;(s,t) + L,(s,t) + Ls(s, t) (21)

4. Result

4.1 Reliability

Calculating Reliability on solving equation (20) and assuming repair rate is zero i.e system is in good
condition. Now taking inverse Laplace transformation of equation (20), we get an equation of
reliability which is:

t t
Vo (a+49)-2(a+ay +aw+a60)]§ —ae War(ar+8)—2(ac+ag+ay, +ag)ls
c

Ja (@ + )

+ e tla+ag+ay, +ag+ac) (22)

[
R(H) = a,e

Now put the values of a, = 0.0/, a.= 0.03, az = 0.05, a,, = 0.07,a., = 0.09 for find the
numerical value of reliability which is dependent on time (t):

R(£) = 075 + 0.04993761e 011957505 — (14981285¢ 013957305t

Now calculate the value of reliability with respect to time

Time (t) Reliability R(t)
0 0.90012476
2 0.53256838
4 0.31317822
6 0.18273155
8 0.10554538
10 0.06015513

Table 1 Reliability
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Plot of R(t) over time with coordinates
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Figure 2 Reliability

Here is the plot of R(t) with points marked at intervals of 2 units, ranging from t=0 to t=10. The red
points on the graph correspond to these specific time intervals, and the coordinates of these points are
labeled on the plot.

4.2 Mean Time to Failure (MTTF)
Calculating MTTF on solving reliability equation by integration where limit goes 0 to .

MTTF = J R(t)dt
0

On solving equation (21) we get,

1
MTTF =
(a,+a,+a,+a,+a.)
4 1 a,
2N, (a, +4) {Z(ar +a,+a,+a,)—Ja.(a + 4)}
a
- . (23)

{2(% ‘+a;+a,+a,)—Ja,(a + 4)}

Checking the behavior of MTTF with variations in failure rates for each system:

Failure Rates MTTF
a, a; ag ay Xeo
0.01 3.83638326 | 4.34782606 | 4.54320330 | 5.00276807 | 5.56991827
0.02 3.77674441 | 4.25971868 | 4.34349209 | 4.76194225 | 5.26861739
0.03 3.70370370 | 4.18420931 | 4.16039093 | 4.54320330 | 5.00276807
0.04 3.60072209 | 3.61710401 | 3.99191153 | 4.34349209 | 4.76194225
0.05 3.13081554 | 3.41740632 | 3.84586174 | 4.16039093 | 4.54320330
Table2 MTTF
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Plot of Different Alpha Values
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Figure SMTTF

This graph about MTTF for every system where horizontal axis denotes failure rates and vertical axis
denotes MTTF.

5. Sensitivity Analysis for Reliability

For sensitivity analysis, we differentiate equation (21) with respect to each system and using values
a, =001, a, =0.03, ay = 0.05, a,, = 0.07, ., = 0.09 as failure rates Table 3 and figure are the
results.

Time (t) Reliability R(t)
oR(t) oR(t) OR(t) oR(t) oR(t)
oa, da, da, oa,, da,,
0 0.150062504 | -4.99376159 0 0 0
2 0.023280480 | -4.76169938 | -1.06513678 | -1.06513678 | -1.06513678
4 -0.081154832 | -3.98295639 | -1.25271276 |-1.25271276 | -1.25271276
6 -0.161704065 | -3.10791119 | -1.09638828 | -1.09638828 | -1.09638828
8 -0.219630740 | -2.32223663 | -0.84436274 | -0.84436274 | -0.84436274
10 -0.327436470 | -1.68393997 | -0.60155118 | -0.60155118 | -0.60155118

Table 3 Sensitivity Analysis for Reliability

=
1

Reliability R(t)
| |

|
I
"

0 2 4 6 8 10
Time (t)

Figure 4 Sensitivity Analyses for Reliability
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6. Discussion
6.1 Result for Reliability

As we see in the graph, reliability with respect to time is exponentially decreasing, which means that
as time and the rate of failure increase, reliability decreases. The values of reliability start at
0.90012476 at 0 units of time and decrease to 0.06015513 at 10 units of time.

6.2 Result for MTTF

For calculating MTTF, we integrate equation (21) with respect to time, where the limit goes from 0
to oo. The resulting MTTF for each system is presented in Table 2 and also in Figure 3, where the
failure rate varies from 0.01 to 0.05.

6.3 Result of Sensitivity Analysis for Reliability

For sensitivity analysis, we differentiate reliability function with respect to each system and using
values a, = 0.0/, a,=0.03, a; =0.05 «, = 0.07,a.,= 0.09. We observe that the reliability
function mainly depends on «,, ., as the other three systems have the same values, as seen in
Table 3.

7. Conclusion

Using Markov process techniques, we have examined Air Traffic Control (ATC) system's reliability
in this study. We were able to capture dynamic nature of ATC system by using Markov models,
which take into account a variety of states and transitions that represent both possible failures and
real-world operations. Mean Time to Failure (MTTF) was one of primary measures employed in this
investigation. Average time until a system fails is provided by MTTF, which is a crucial metric for
assessing the reliability of a system. We performed a sensitivity analysis to determine how each
failure rate affects overall system reliability by differentiating reliability function with respect to
several failure rates ( «,, a., a4, @,,, a.,)- Reliability of ATC system has been effectively analyzed
through use of Markov process approaches, which have shown to be successful in understanding the
complex relationships between different components and their failure rates. When paired with
sensitivity analysis, use of MTTF as a reliability measure yields useful data for improving system
maintenance and design, which eventually helps to create safer and more effective air traffic control.
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