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Methods: This study proposes improved Euler's approaches for solving differential
equations with fuzzy initial conditions, including Euler's Method, Modified Euler's
Method, and Improved Euler's Method employing Contra Harmonic Mean and
Centroidal Mean. Based on Zadeh's extension concept for fuzzy sets, we extend Euler's
classical methods to address this dependence problem in a fuzzy setting.

Findings: A numerical example that contrasts the suggested approaches with the
traditional Euler's Method is provided. The efficiency of the suggested methods is shown
by numerical solutions and their geometrical representations. Furthermore, the
numerical example demonstrates the acceptable accuracy of the improved Euler's
techniques.

Novelty: In this research proposal, we sought to solve first-order differential equations
utilizing two creative approaches: the Contra Harmonic Mean and the Centroidal Mean
of enhanced Euler's approaches for fuzzy primary value. The suggested methods yield
great results and are quick, accurate, and easy to use.

Keywords: Fuzzy Initial Value Problem, Euler’s Method, Modified Euler’s Method,
Improved Euler’s Method, Contra Harmonic Mean, Centroidal Mean.

1. Introduction:

Since most differential equations cannot be solved directly and must instead be approximated by
approximation, numerical methods are crucial. Of all the numerical techniques, Euler's Method is the
most straightforward. Its foundation is using a series of successively calculated tangent line
approximations to approximate the graph of a solution, y(x). Furthermore, Euler's method is the
foundation for the majority of other approaches. These days, researchers are interested in learning
how to use the fuzzy version of the Euler method to solve fuzzy differential equations [1, 2]. A
modified Euler technique for solving fuzzy differential equations was described in [3]. The graphical
comparison of the fourth order RK technique, modified Euler's method and Euler's method on
numerical solutions of the first order initial
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value problem was discussed in [4] and [5]. In order to handle fuzzy initial value problems without
converting fuzzy differential equations into a system of crisp differential equations, Euler's fuzzy
form was devised in [6]. A numerical procedure based on a modified Euler's method was used to
determine the numerical solution of a fuzzy ordinary differential equation in [7]. The codomain of
the membership function of the fuzzy topological space was extended from [0, 1] to the unit disk in
the complex plane in order to achieve the numerical solution of complex fuzzy differential equations
using Euler and Taylor techniques in [8]. By applying the harmonic mean and cubic mean of Euler's
modified technique, the first order differential equations were solved in [9]. A modified Euler
method was introduced for solving fuzzy differential equations under generalized differentiability in
[10, 11]. It also estimated the differential equations by using two stages Predictor — Corrector
algorithm with local truncation error of order two. Two standard numerical methods such as Euler
and Runge — Kutta fourth order methods were presented to solve second order initial value problem
for ordinary differential equation in [12, 13]. In order to improve the accuracy of numerical solution
of fuzzy differential equations, we shall enhance Euler's Method, Modified Euler's Method, and
Improved Euler's Method based on Contra Harmonic Mean and Centroidal Mean in this paper.

The framework of this paper is as follows: We review some basic ideas about fuzzy sets and fuzzy
integers in Section 2. In Section 3, we improve on the conventional Euler's Methods, which are based
on the Centroidal Mean and Contra Harmonic Mean, to find the numerical solutions of fuzzy
differential equations with lower error values. Section 4 presents the fuzzy initial value problem and
the fuzzy version of the suggested techniques. To demonstrate the efficacy of our approach in
comparison to the conventional Euler's Method, we use it in section 5 to obtain numerical solutions
for the fuzzy initial values problem. Section 6 offers a succinct conclusion.

2. Prologues:

Some helpful definitions of fuzzy sets and fuzzy numbers that are required or established in this
paper will be introduced in this section.

Definition
In the universal set X, a fuzzy set 4 is defined as 4 = {(x, uy (x)); x € X, uy(x) € (0,1]3}. In this
case, the membership function's grade is u;(x) — [0,1], and the fuzzy set A's grade value of x € X
is py(x).
Definition
The crisp setA® that includes every element of the universal set X whose membership grades in 4 are
higher than or equal to the designated value of « is the a -cut of a fuzzy set A. It is indicated by

A ={xeX|ps(x) = s}
Where 0 < s < I.
Definition

The membership function of a fuzzy number 4, which is a subset of real line R, has the following
characteristics:

1. In its domain, p4(x)is piecewise continuous.
2. A is normal, meaning that a x, € X such that pz(x,) = 1.
3. A'is convex; that is, pz (4 x; + (1 — 2) x,) = min(pz( x,),puz( x,)) and V x4, x, € X.

Definition
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The membership function of a triangular fuzzy number U is described as follows. It may be expressed
by a triplet (p,,p,,p03).
(0, if x <p;

X—Pr .
——,if p; Sx =<p;
aG = {42!
Jfp, Sx<p
P3— P2 ? ’

\ 0, if x> p;
The s - level of the fuzzy number @ is @i, = [p, + (p,—p;)s, p; — (p;—p,)s] forany s € [0,1].
3. Methodology

This section will cover the completion of the Euler, Modified Euler and Improved Euler approaches
based on Contra Harmonic Mean and Centroidal Mean for solving the first order differential
equations with fuzzy initial conditions.

3.1. Enhanced Euler’s Methods based on Contra Harmonic Mean and Centroidal Mean:
3.1.1 Euler’s Method based on Contra Harmonic Mean
Take note of a, b, and c as the Contra Harmonic Sequence's components. The formula for calculating

2 2
aaiz . Next, the two center points expected Contra Harmonic mean

the Contra Harmonic mean is ¢ =
is determined by

(tfﬁtf u5+uf)

t()+t1 ! u0+u1 '

The formula may be written as

<t§+(t0+h)2 u§+(u0+hf(t0,u0))2)
to+(t0+h> g u()+ (u0+hf(t0,u0)) '

We may create a new equation denoted as, by using an equation in the vicinity of a point, such as
P(t,,u,), and the gradient up the equation.

t2+(t,+h)° u§+(u0+hf(t(,,u0))2)
t0+(t0+h) ’ u0+(u0+hf(t0,u())) ’

u1=u0+hf<

The Euler approach will be more stable if it estimates wu,, ,using the modified and stable slope
function at the predicted center points of (t,,u,)and (t,;,u,). The equation stated above is known as
Euler's Modified Contra Harmonic Mean. It is characterized by

2 +(ty+h)° up+ (un+hf(tn,un))2>

Unts = Un T hf (tn+(tn+h) " Uy (g A (Eu))
3.1.2 Modified Euler’s Method based on Contra Harmonic Mean

Take note of a, b, and c as the Contra Harmonic Sequence's components. The formula for calculating
2 2

the Contra Harmonic mean is ¢ = % Next, the two center points expected Contra Harmonic mean

is determined by

(tf)+t§ u§+u§)
t()+t1 ! u()+UJ '

The formula may be written as
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2
2 h h
+ uy+h (t o+ (tp, ))
2+t +h)? (uo Ftot30+ 37 (Epty)

)
to+(ty+h) u

0+<u0+ hf(to'l'%,llo +gf(t0,u0))>

We may create a new equation denoted as, by using an equation in the vicinity of a point, such
as P(t,,u,), and the gradient up the equation.

h

2
u; =u,+ hf | - hf Bt () u§+<u0+hf(t0+§,u0+§f(t0,u0))) |-
0 5 )
\ 2 tot+(tpth) u[)+<u0+hf<t0+§,u0+%f(t0,u0))> /

The Euler approach will be more stable if it estimates wu,, ,using the modified and stable slope
function at the predicted center points of (t,,u,)and (t,;,u,). The equation stated above is known as
Euler's Modified Contra Harmonic Mean. It is characterized by

h
/ tn+3' \

2
= ' 2 B 4k )
Uy = U, + hf 4ty +h)° un+<un+hf(tn+2,un+2f(tn,un) )

)
tn+(t,+h) u, +<un +hf(tn+§,un+’21f(tn,un))>

h
un+3f

3.1.3 Improved Euler’s Method based on Contra Harmonic Mean

Take note of a, b, and c as the Contra Harmonic Sequence's components. The formula for calculating

2 2
: . +b
the Contra Harmonic mean is ¢ = aa+b

is determined by

. Next, the two center points expected Contra Harmonic mean

(t5+t§ u5+u§)
t0+t] ’ 'Llo+ul )

The formula may be written as

2
ttz)+(t0+h)2 u5+(u0+§(f(to,u0) +f(t0+h,‘ll,0+hf(t0,u()))))

to+(tg+h) ’ u0+(u0 +5{F (o) +£ (to+hug +h f(to,u(,))))

We may create a new equation denoted as, by using an equation in the vicinity of a point, such
as P(t,,u,), and the gradient up the equation.

2
t(2)+(t0+h)2 ué+(u0+§(f(to,U{))+f(t0+h,u0+hf(t0,u0))))

to+(tg+h) ' u0+(u0+%(f(t0,u0)+f(t0+h,u0 +hf(t0,u0)))>

/ t,+h,

\

2

f - h<t5+(to+h)2 uf)+(u0+g(f(t0,u0)+f(t0+h,u0+hf(t0,u0)))) ) |
0 ) J

+

to+(ty+h) ’ uo+<u0+%(f(to_uo)+f(t0+h,u0+hf(t0.u0)))
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The Euler approach will be more stable if it estimates wu,, ,using the modified and stable slope
function at the predicted center points of (¢t,,u,)and (t,;,u,). The equation stated above is known as
Euler's Modified Contra Harmonic Mean. It is characterized by

[

2
2 h
h| 24 (t,+h)? un+(un+3(f(tn,un)+f(tn+h,un+hf(tn,un))))
Upp = Uy + 5 Al =

tp+(tp+h) ' un+(un+§(f(tn,un)+f(tn+h,un+hf(tn,un))))

/ t, +h \]
f £+t +h)’ ufl+(un+§(f(tn,un)+f(tn+h,un+hf(tn,un)))>2 /JI

u, +h ,
\ n ta+(tn+h) "y, +(un +§(f(tn,un)+f(tn+h,un +hf(tn,un)))

3.1.4Euler’s Method based on Centroidal Mean

Assume that the essential components of a centroidal sequence are a, b, and c. The formula to

2(a’+ab+b

2
compute the Centroidal mean is ¢ = PTEeS) ). The expected Centroidal mean of the two midpoints

is therefore given as

(2(t5+ tot;+t7) 2(u5+u0u1+u3))
3(t0+t1) ’ 3(u0+u1)

The mathematical equation is defined as

265 eyt + (e +)?) 208 g Gt CEga0))+ (g +F (o))
3(tg+(tg+h) ’ 3(u0 +(u0+hf(t0,u0))) '

A new equation can be created and provided as follows if an equation goes through a point, such
as P(t,,u,) in the center of the slope throughout the equation.

2(t5+ty(tp+m) +(ty+h)?) \
3(tg+(ty+h)) ’

3(11,0 +(u0+hf(t0,u0)))

The results of the modified Euler's approach are now certain and accurate. The Centroidal Mean of
the Modified Euler's Method is the name given to the preceding equation. It is possible to write it as

2(t2+t, (ty+h) +(ty+ 1))
3(tp+(ty+h)
2w+ (up + f (i) )+ (i +h f (i)’

3(un+(un +/’lf(tn'un)))

)

Upy = Uy + hf

3.1.5 Modified Euler’s Method based on Centroidal Mean

Assume that the essential components of a centroidal sequence are a, b, and c. The formula to

2(a’+ab+b

2
compute the Centroidal mean is ¢ = Tarh) ). The expected Centroidal mean of the two midpoints

is therefore given as

3(t0+t1) ’ 3(u0+u,)
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The mathematical equation is defined as
h h h h ?
<u5+u0 <u0+hf(t0+3,u0+3f(t0,u())))+<u0 +hf(t0+3,u0+3f(t0,u0))> >

A new equation can be created and provided as follows if an equation goes through a point, such
as P(t,,u,) in the center of the slope throughout the equation.

2(t3+to(ty+)+(ty+h)?) g
3(tg+ (ty+m) !

u; =u,+hf
/ ty+ 7,
| 2(t7+ty (tp+h)+(ty+h)?)
3(tp+ (tp+h) ’

i | A
h
uy+ Ef 2<u§+u,,<u0+hf(t0+§,u0+§f(t0,u(,))>+<u,,+hf<to+%,u,, +%f(t0,u0))> )

3<u0+<u0+hf(t0+%,u0 +%f(t0,u0))>>

The results of the modified Euler's approach are now certain and accurate. The Centroidal Mean of
the Modified Euler's Method is the name given to the preceding equation. It is possible to write it as

Upy = Uy + hf

ty +35, \
2(E+t, (Ep+ D) +(ty+1)?) |

3(tp+(tp+h) |

2
u, + §f| 2<u$1+un<un+hf(tn+%,un+%f(tn,un))>+(un+hf(tn+%.un+%f(tn_un))>) | |

3<un +<un +hf(tn +%,un+%f(tn,un))>>

3.1.6 Improved Euler’s Method based on Centroidal Mean

Assume that the essential components of a centroidal sequence are a, b, and c. The formula to

2 2
—2(“3 E“aafb:b ) The expected Centroidal mean of the two midpoints

—_

compute the Centroidal mean is ¢ =
is therefore given as

(2(t§+ tot,+t7) 2(u5+u0u1+uf))
3(t0+t1) ’ 3(“0+u1)

The mathematical equation is defined as
/ 2(t7+t,(tp+h) +(ty+h)?) \

3(ty+(ty+h)) !

l Z(ué+u0(uo+g(f(t0,u{,)+f(t0+h,u0+hf(t0,u0))))+(u0+%(f(t(),u(;)+f(f0+h,u0+hf(tn.uo))))2> l

3<u0+ (uo +§(f(t0,u0) +f(t0+h,u0 +hf(t0,u0))))>

A new equation can be created and provided as follows if an equation goes through a point, such
as P(t,,u,) in the center of the slope throughout the equation.
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L
Uu,=u -
TR

/ 2(t3+ty(tg+m) +(ty+h)?) \

3(tg+ (ep+h) !

H 2 H
f 2<uf)+u0(u0+%(f(to,u0)+f(t0+h,u0 +hf(t0,‘ll0))))+(uﬂ +%(f(t0,‘ll,0)+f(t()+h,u”+hf(t0,u0)))) > +

3<u0 +(u0+%(f (tgug)+f (tp+huy+ hf(to,ug))»)

ty+h,

/ / 2(t+ty(ty+h) +(ty+h)?) \\
| |
| |

3(tg+(tp+h) !

f

i N
u,+ h 2<u§+u0(u0+g(f(to,u0)+f(t0+h,u0+hf(t0,u0))))+(u0+%(f(to,u0)+f(t0+h,u0+hf(t0,u0)))) )

3 <u0 +(u0 +§(f (tpup+7(ty+ h,u0+hf(t0,u0))))>

The results of the modified Euler's approach are now certain and accurate. The Centroidal Mean of
the Modified Euler's Method is the name given to the preceding equation. It is possible to write it as
h

Upyp = Uy +§

)

2(t3+ tp (Ept W +(tp+h)?)
/ 3(tpt(ty+h)

f | 2<u$1+un(un+g(f (tpu)+f (tp+huy, +hf(tn,un))))+ (un +%(f(tn,un)+f(tn+h,un +hf(tn_un))))2>/i +

3<un+ (st +2( )41 (41 +hf(tn,un))))>

t, +h 1
/ / 22+t (ty+h) +(ty+1)%) \
| |
| |

3(tp+ (tpt+h)) !

f

u, + h 2<u%+un<un+g(f(tn,un)+f(tn+h,un+hf(tn,un))))+<un+g(f(tn,un)+f(tn+h,un+hf(tn,un))))2> -
3<un+(un+§(f(tn,un)+f(tn+h,un+hf(tn,un))))>
3.2. Fuzzy Initial Value Problem
3.2.1. Technique for precisely solving FIVP
Look over the FIVP
fEw
u(ty) = (wpuf', uy)

In this case, a fuzzy initial condition is expressed in terms of fuzzy triangles. The FIVP’s solution is
found by using fuzzy Initial conditions.

3.2.2. Proposed Methods to FIVP
Here, we investigate the fuzzy initial value problem as

o = { f6w

u(ty) = (wpuf', uy)

u'(t) = {
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Using an s-cut method, the triangular fuzzy initial condition may be represented as
[(W™ —uy)s+ upup+ W™ —uy)s|,0<s < 1.

The FIVP has been intended to be solved using the enhanced Euler's approaches. Now, the enhanced
Euler's approaches are used to assess all new upper and lower bound feasible permutations. The
results of calculating the grid points as t are displayed below.

U (tay:9) = ulty:s) + Flu(t,:s)],
U (tperis) = Uty s) + Glulty: 9],
n+,(tn+1 s) = u(t,:s) + Glu(t,:s)],
U (b i8) = W(ty: 8) + Flu(ty:9)],

Then, we take the values from lowest to maximum, which are meant for the inferior and superior
values of the variable u in order for it to yield more precise and superior answers.

Uyy = min{l_/.(tn: s) + Flu(t,:s)]u(t,:s) + Glu(t,: s)]},
u,,; =max{u(t,:s) + Glu(t,:s),u(t,:s) + Flu(t,:s)]}.

3.2.3. Enhanced Euler’s Methods based on Contra Harmonic Mean and Centroidal Mean to
FIVP

3.2.3.1. Euler’s Method based on Contra Harmonic Mean to FIVP

The Modified Euler's method's expected Contra Harmonic mean is precisely defined by
Uy = u(t,:s) + F(u(t,:s)),
Upy; =u(t,:s) + G(ult,:s)).

Where

2

F = hf (tn:s)2+((tn:s)+h)2 (un:s) +((uns)+hf (tn:9),(un:s) )
B (tn:8)+ () +h) (En:s)+((uns)+hf (t:9).(uy:s) )

G = hf (tn:s)2+((tn:s)+h)2 (ﬁn:5)2+((ﬁn:5) +hf((tn:S),(ﬁn:S)))2
- () +((n:)+h) (@) +(@i8) +1F (29T i) )

3.2.3.2. Modified Euler’s Method based on Contra Harmonic Mean to FIVP

The Modified Euler's method's expected Contra Harmonic mean is precisely defined by
Upyy = uty:8) + Fulty,:s)),
Upy; = u(t,:s) + G(ult,:s)).

h
/ (tn:S) +3,
2
F=hf (t,59)2 +((:5)+h)° (up:s) +<(un s)+hf((t s)+ (un:s)+5 f((t :8), (up: s)

I
Uu,:s)+-
\( ) f (t:8) +((tn:9)+h) (un:s)+((En:s)+hf((tn:s)+3,(zn:s)+3f((tn:s),(2n:s) /

Where

—

https://internationalpubls.com 278



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 8s (2025)

/ (t:$) +7,

| @5 +ﬁf ()4 () +h). (ﬁn;s)2+<(an;s)+hf((tn;s)+’§,(ﬁn:s)+’§f((tn;s),(an:s)))>
\ n 2 (tn: )+ ((Es) +h) '

—

G = hf

I
(an;s)+<(an;s)+hf((tn:s)+§,(an:s)+’21f((tn:s),(an:s)))> /
3.2.3.3. Improved Euler’s Method based on Contra Harmonic Mean to FIVP
The Improved Euler's method's expected Contra Harmonic mean is precisely defined by
Uny = u(ty:8) + Fu(t,:s)),
Upy; = u(t,:s) + G(ult,:s)).

Where
(t:9) 2+ ((t:8) +1)°
(tn:s)+((tn:s)+h) ’
2
fl (En:s)2+<(2n:s)+%<f((tn:s),(En:s))+f((tn:s) +h:(2n=5)+hf((tnis)l(gn:s)»)) |
(En:S) +<(En:s)+%<f((tn:s) ,(En:s) ) +f((tn:s) +h,(gn:s)+hf((tn:s),(gn:s) ))))
F =§ (t,:s) + h, :
/ (t:9) 2+ ((tg:8) +1)° \
I (tn:8) +((tp:)+h) I
+f|(us)+h .h( )( i h( 2||
(up: s) (un.s)+3 fley:s), (u i) )+ (E:8) +h,(wp:8)+hf((E:8), (uy: s)
(un:s)+<(gn:s)+%<f((t :8) (uy s))+f((t i) +h,(up s)+hf((t :8), (up s) ]
(t:8) 2+ ((tp:5) +h)°
(tn:s)+((tn:s)+h) ’
I 2 I
fl @ps +<(an;s>+§(f((tn;s),(an:s))+f((tn:s)+h,(ﬁn:s) +hf((tn:s),(ﬁn:s)))))
(ﬁn;s)+<(an;s)+§(f (69, 9))+£((b:8) 40, (i) + f((tn:s),(ﬁn:s))))>
G = % (t,:s) +h,
/ (tn:s)2+((tn:s)+h)2 \
i (ty ) +((tps)+h) I
+f1 _ I 2 I
(upis) +h | (ﬂn:s)2+<(ﬂn:s) (i) i) £ ((619) 44, i) +hf (£i9) i) )) )|
(W,:5)+ ((an:s) +’§(f((tn:s),(an:s))+ £ (i) 4 (i) +hF ((ty:s) ,(an:s)) /

3.2.3.4. Euler’s Method based on Centroidal Mean
The Modified Euler's method's expected Centroidal mean is precisely defined by

b =ulty:s) + F(u(t,:s)),
Upy; = u(ty:s) + G(ult,:s)).
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Where
297+ (t:9) ((Eis) +1)+((tn:9)+1)°)
3((p)+ (i) +h) )

—y |
F —hfk () (wn5) (i) (i), (i) ) (i) +7 (i) (:9)) ) )

)

<(Enzs)+((ﬂn:5) +hf((tn:5)'(ﬂn:5)))>
2((bni9) 2+ (i) ((6i) +h) + (i) + 1))
3((pi) +((Enis) +h) )
2((ﬁn:s)2+(ﬁn:s)((an:s)+hf((tn:s),(an:s))) (@) +hf ((E8) Ty s))
3( @+ (@) 447 (1) (i)

)

G = hf

3.2.3.5. Modified Euler’s Method based on Centroidal Mean

The Modified Euler's method's expected Centroidal mean is precisely defined by
Unss = ulty:s) + Flulty: ),
Upy; = u(ty:s) + G(ult,:s)).

Where
F =
/ (tp:s) += \
/ (i) 2+ Cte9) (e )+ 1)+ () +4)°) \
(t:8) +((t:9) !
hf h I 3((tn:9) +((enis) +4)) ) Il
| (En:s) +;f| 2<(gn:s)2+(gn:s)((En:s)+hf<(tn:s)+§,(En:s)+%f((tn:s),(zn:s)))>+((En:s)+hf((£n:s)+%,(En:s)+%f((tn:s),(En:s)))) ) | |
\ \ 3((En:s)+((3n:s)+hf((tn:s)+%,(gn:s)+%f((tn:s),(zn:s))))> //
G =
/ (t,:s) +-
| 2((tn:9)? + () (i) 1)+ ()Y )
W | 3(Cepse) + ((eni9)+1)) ’ \|

| b 2
K(urus) +3f kz((ﬁn:s)2+(ﬁn:s)((ﬁns)+hf((tns)+§,(ﬂn:s)+§f((tn:s),(ﬂn:s))))+((ﬁn:s)+hf((tn:s)+%,(ﬁn:s)+gf((tn:s),(ﬂn:s)))) ) )

3(@”;5) +<(En:s) e f(Cenis) +5.Ty9) + 24 Cei9) () ))))
3.2.3.6. Improved Euler’s Method based on Centroidal Mean
The Improved Euler's method's expected Centroidal mean is precisely defined by
U, =u(t,:s)+ F(u(tn: s)),
U,y =u(t,:s)+ G(u(tn:s)).
Where
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F =
2((tn:9)%+ (ts) ((t) +h) + () +h)°)
3((tn:9) +((eys) +1))

3<(gn:s)+<(gn:s)+‘;‘(f((tn:s>.(gn:s))+r(m:s)+h.(gn:s)+hf((tn:sx(gn:s))))))

£ i 2<(gn:s)2+(1_1,1:5)((5“:s)+2(f((tn:s),(gn:s))+f((tn:s)+h,(gn:s)+hf((tn:s).(gn:s)))>)+((En;s)+g(f((tn:S),(gn:s))+f((tn:s)+h,(gn:s)+hf((tn:s).(gn:s)))>>2> i +

(ty:s) +h,
2((tg:9) 2+ (6:5) () +h )+ () +h)°)
3((ty) +((eys)+h))

(tn:s),(gn:s))+f<(tn:s) +h,(g,,;s)+hf((tn:s),(gn:s)))»+((l_l,,:s)+g(f((tn:s).(g,.:s))+f((t,.:s>+h,(g,,:s)+hf((tn:s),(gn:s)))»Z)

3 ((gn:s)+<(gnzs)+]§(f((tn :s),(gn:s))+f((tn:s) +h, (gn:s)+hf((tn:s),(gn:s)))>>>

G =
2((tn) 2+ (6 (i) +W)+((t3i5) +h)°)
3((tn:s)+ ((tn:s)+h))

| N
i 2<(TL,l:s)2+(ﬂn:s)((ﬁn:s)+§(f((tn:s),(ﬂn:s))+f((tn:s)+h,(in:s)+hf((tn:s),(ﬂn:s)))))+<(Hn:s)+g(f((tn:s),(ﬂn:s))+f((tn:s)+h,(ﬂn:s)+hf((tn:s),(ﬂn:s))») ) i+

3<(an;s) + ((aﬂ;s) () i) + f((tn;s)+h,(an;s)+hf((tn:s),@,:s)))))>
(tp:s)+h,
2((n) 2+t (i) + W) +((ti5) +1)’)
3((ews)+ ((ts)+))

\.
)

2

——

I 2
(Up:s) +h i 2<(in:s)2+(ﬁn;s)((ﬁn:s)+§(f((tn:s),(ﬂn:s))+f((tn:s)+h,(ﬁ,l:s)+hf((tn:s),(i,l:s)))))+<(Un:s)+g(f((tn:s),(ﬂn:s))+f((tn:s)+h,(§n:s)+h f((tn:s),(ﬂn:s)))D >

3<@:s) " ((an:s) (9, i) £((i5) +h,(TLn:s)+hf((tn:s),(ﬁn:s)))))>

4. Findings and Discussions with Numerical Illustrations
Think about the differential equation whose fuzzy initial value problem is there.
u'(t) = -ty
u(0) = (0.75+ 0.25s,1.125 — 0.125s) Where 0 <s < 1.
Solution:

The exact solution is provided by
¢ ¢
u(t,:s) = u(t,:s)e « and u(t,:s) =u(t,:s)e +,

After that, the Solutions att =1,
u(l:s) = [(0.75+ 0.255)e™%° (1.125 — 0.125s5)e™"#],0 < s < I.
(A) Enhanced Euler’s Methods based on Contra Harmonic Mean and Centroidal Mean:

Euler's approach provides a precise and fairly accurate result. Below is the Contra Harmonic Mean
and Centroidal Mean of the Euler’s Method, Modified Euler’s Method and Improved Euler’s Method
using - = 0.1:

(A1) Euler’s Method based on Contra Harmonic Mean and Centroidal Mean:
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The approximate solutions obtained by Contra Harmonic Mean and Centroidal Mean of Euler’s
method for different values of s € [0,/] when 2 = 0.1 are given below:

Table 1: Numerical Solutions for Euler’s Method using Contra Harmonic Mean and
Centroidal Mean with h = 0.1

Euler’s Method

Exact Euler’s Euler’s Method using Contra using

s |T Solutions Method Harmonic Mean Centroidal

Mean
Lé)';N UI;PE Lo;/ve Uprpe Lower Upper Lower | Upper
0 (10584100 0.87615 0.5484¢ 0.82269 0.581800 0.872700 0.58341) 0.87512]
0.1 1| 0.60357] 0.86641 0.56674 0.81355 0.601193 0.863003 0.60286) 0.865399
0.2 1| 0.62304] 0.85668 0.58502 0.80441 0.620587 0.853307 0.622311 0.85567
0.3 1| 0.64251| 0.84694 0.60330 0.79527 0.639980 0.843610 0.64175) 0.845951
0.4 1066198 083721 0.62159 0.78613, 0.659373 0.833913 0.661204 0.836224
0.5 1| 0.68145 0.82747 0.63987 0.7769§ 0.678767 0.824217 0.68065) 0.82650]
0.6 1| 0.70092| 081774 0.65815 0.76784 0.698160 0.814520 0.700094 0.81678]
0.7 1| 0.72039 0.8080( 0.67643 0.75870) 0.717553 0.804823 0.71954q 0.807054
0.8 1| 0.73986| 0.79827 0.69472 0.74956 0.736947 0.795127 0.73899] 0.797334
0.9 1| 0.75933| 0.78853 0.71300 0.74042 0.756340 0.785430 0.758444 0.78761 |
1 (10778800 0.77880 0.73128 0.7312 0.775733 0.775733 0.77788] 0.77788

(A2) Modified Euler Methodbased on Contra Harmonic Mean and Centroidal Mean:

The approximate solutions obtained by Contra Harmonic Mean and Centroidal Mean of Modified
Euler’s method for different values of s € [0,/] when 2 = 0.1 are given below:

Table2: Numerical Solutions for Modified Euler’s Method using Contra Harmonic Mean and
Centroidal Mean with h = 0.1

Modified
Euler’s
Exact Euler’s Method using Modified Euler’s Method using
s T Solutions Method Contra_ Centroidal Mean
Harmonic
Mean
ngF\eN UFI;PE Lorvve Uepe Lower | Upper Lower Upper
0 | 1058410 087615 0.54844 0.82269 0.584834 0.87725 0.584812 0877217
0.1 1| 0.60357 0.86641 0.56674 0.81354 0.60432{ 0.86750 0.604305 0867471
0.2 1| 0.62304| 0.85664 0.58504 0.80441 0.62382) 0.85775 0.623799 0.857724
0.3 1| 0.64251] 0.84694 0.6033( 0.79527 0.64331{ 0.84801 0.643293 0.847977
0.4 1| 0.66198 0.83724 0.62159 0.78613 0.66281) 0.83826] 0.662787 0.838230
0.5 1| 0.68145| 0.82747 0.63987 0.7769§ 0.68230] 0.82851 0.682280 0.828483
0. 1| 0.70092 0.81774 0.65815 0.76784 0.70180] 0.81876. 0.701774 0818736
0.7 1| 0.72039 0.8080( 0.67643 0.7587( 0.72129] 0.80902 0.721268 0.808989
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0.8 1| 0.73986| 0.7982% 0.69472 0.7495¢ 0.74079( 0.79927 0.740761 0.799243
0.9 1] 0.75933| 0.78853 0.7130( 0.74044 0.760284 0.78952 0.760255 0.789496
1 (1]0.77880 0.7788( 0.7312§ 0.7312§ 0.779774 0.77977 0.779749 0.779749

(A3) Improved Euler Method based on Contra Harmonic Mean and Centroidal Mean:

The approximate solutions obtained by Contra Harmonic Mean and Centroidal Mean of Improved
Euler’s method for different values of s € [0,/] when 2 = 0.1 are given below:

Table3: Numerical Solutions for Improved Euler’s Method using Contra Harmonic Mean and
Centroidal Mean with h = 0.1

Exact Euler’s Improved Euler’s Method Improved Euler’s Method

Solutions Method using Contra Harmonic Mean using Centroidal Mean
s | T LO

WE UPP | Low | Upp Lower Upper Lower Upper

R ER er er
01| 05844 0.876] 0.5484 0.822 0.570348 0.855521 0.571118 0.856677
0.1 1] 0.6031 0.8664 0.566] 0.813. 0.589359 0.846016 0.590156 0.847159
0.7 1| 0.623( 0.8564 0.585( 0.804: 0.608371 0.836510 0.609193 0.837640
0.3 1| 0.6421 0.8464 0.603] 0.795. 0.627382 0.827004 0.628230 0.828122
0.4 1| 0.6614 0.837] 0.621] 0.786. 0.646394 0.817498 0.647267 0.818603
0.9 1| 0.6814 0.8274 0.6394 0.776 0.665406 0.807992 0.666305 0.809084
0.¢ 1| 0.7004 0.817] 0.658) 0.767 0.684417 0.798487 0.685342 0.799566
0.7 1 0.7201 0.808( 0.6764 0.758 0.703429 0.788981 0.704379 0.790047
0.4 1| 0.7394 0.798] 0.694] 0.749. 0.722440 0.779475 0.723417 0.780528
0.91|0.7594 0.788] 0.713( 0.740: 0.741452 0.769969 0.742454 0.771010
1(1]0.7784 0.7784 0.731] 0.731] 0.760463 0.760463 0.761491 0.761491

(B) Graphical Representation of Error Analysis for Enhanced Euler’s Methods based on Contra
Harmonic Mean and Centroidal Mean with 2 = 0.1 & h = 0.001:

The Graphical solutions obtained by Contra Harmonic Mean and Centroidal Mean of Enhanced
Euler’s method for different values of s € [0,/] withh = 0.1 & h = 0.001 are given below:

0.6

s - Value

Al
0.9 |

Error Analysis Betwen Enhanced Euler Method Based on CHM & CM with h=0.1

0.3 4%

0.01

T

b &

Error Analy

°

s - Value

03 H

° = R

Euler

e

u - Value

Based on CHM & CM with h=0.001
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M.CHM
- M.CM
1.CHM
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Figure 4: Graphical Representation of
Error Analysis for Enhanced Euler’s
Method using Contra Harmonic Mean and
Centroidal Mean with h =0.1
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The Fuzzy initial value problem has been solved by proposed enhanced Euler’s Methods such as
Euler’s Method, Modified Euler’s Method and Improved Euler’s Method using Contra Harmonic
Mean and Centroidal Mean. The above tables and figures show the numerical solutions obtained by
the proposed methods for different values of s € [0,/] when s = 0.7 and 2 = 0.001. It also shows
the solutions obtained by Euler’s Method in order to analyse the effectiveness of proposed methods.
The analysis concluded that the proposed methods give the very close solutions to the exact values
other than Euler’s Method.

5. Conclusion:

In order to solve fuzzy initial value problems based on Contra Harmonic Mean and Centroidal Mean,
this research proposed three enhanced numerical techniques of Euler, Modified Euler, and Improved
Euler. By comparing the example's answers, it was shown that the three enhanced methods
outperform the conventional Euler's Method.
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